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ON THE HOMOTOPY TYPE OF HIGHER ORBIFOLDS AND 
HAEFLIGER CLASSIFYING SPACES 


DAVID CARCHEDI 


Abstract. We describe various equivalent ways of associating to an orbifold, 
or more generally a higher etale differentiable stack, a weak homotopy type. 

Some of these ways extend to arbitrary higher stacks on the site of smooth 
manifolds, and we show that for a differentiable stack X arising from a Lie 
groupoid S, the weak homotopy type of X agrees with that of B S. Using this 
machinery, we are able to find new presentations for the weak homotopy type 
of certain classifying spaces. In particular, we give a new presentation for 
the Borel construction M Xq EG of an almost free action of a Lie group G 
on a smooth manifold M as the classifying space of a category whose objects 
consists of smooth maps R" —> M which are transverse to all the G-orbits, 
where n = dim M — dim G. We also prove a generalization of Segal’s theorem, 
which presents the weak homotopy type of Haefliger’s groupoid T f! as the 
classifying space of the monoid of self-embeddings of R 9 , B (Emb (R 9 )) , and 
our generalization gives analogous presentations for the weak homotopy type 
of the Lie groupoids F.^f and 'RF^ which are related to the classification of 
foliations with transverse symplectic forms and transverse metrics respectively. 

We also give a short and simple proof of Segal’s original theorem using our 
machinery. 

Contents 

1. Introduction 2 

1.1. Higher Etale Differentiable Stacks 2 

1.2. Foliations with Transverse Structures 3 

1.3. Organization and Main Results 4 

1.4. Higher Categorical Background 6 

Acknowledgments 6 

2. A Review of Higher Orbifolds and Etale Stacks 6 

2.1. Lie Groupoids 6 

2.2. Classifying Spaces of Lie Groupoids and the Classification of Foliations 10 

2.3. Higher Differentiable Stacks 12 

2.4. Differentiable Stacks 12 

2.5. Higher Etale Differentiable Stacks 14 

3. The Homotopy Type of a Higher Stack 17 

3.1. The Fundamental Infinity Groupoid Functor 17 

3.2. Fat Geometric Realization 18 

3.3. Sheaves over The Monoid of Embeddings of K" 23 

3.4. The Homotopy Type of Higher Etale Differentiable Stacks 23 

4. The Homotopy Type of Almost Free Global Quotients 29 

Appendix A. A Brief Introduction to oo-Categories. 35 

A.l. oo-Groupoids and the Homotopy Hypothesis 35 


l 


2 


DAVID CARCHEDI 


A.2. oo-Categories 
A.3. Higher Presheaves 
A.4. Stacks 

Appendix B. Principal Bundles for Lie Groupoids 
Appendix C. Proof of Theorem C.3 
References 


36 

38 

40 

42 

44 

46 


1. Introduction 


In this paper, we explain how to functorially associated to an orbifold, or more 
generally to a higher etale differentiable stack, a canonical weak homotopy type. 
This builds on work of Dugger and Schreiber, who address this question for arbitrary 
higher stacks in [10] and [25], and also of Moerdijk who addresses this question in 
terms of etale Lie groupoids in [21]. When restricting to the case of etale stacks, we 
are aided by our relatively recent categorical characterization of etale differentiable 
stacks and their higher categorical analogues [8, 9]. Using this characterization, we 
are able to directly express the weak homotopy type of an n-dimensional higher 
etale differentiable stack as a homotopy colimit of a diagram of spaces indexed by 
the monoid of smooth embeddings of R”, Emb (R"). This is intimately linked with 
Segal’s celebrated theorem expressing the weak homotopy type of the classifying 
space BT n of Haefliger’s groupoid T" as the classifying space B(Emb(R")) [27], 
and we are able to exploit this connection to find explicit presentations for the 
homotopy type of various examples of etale differentiable stacks as the classifying 
space of certain categories related to the geometry of the stack in question. For 
example, we are able to express the homotopy type of the quotient stack M//G of 
a smooth manifold by an almost free Lie group action as the classifying space of a 
category whose objects consist of smooth maps R™ —> M which are transverse to 
all the G-orbits, where n = dim M — dim G. (Recall that an action of a Lie group is 
almost free if each stabilizer group G x is discrete.) Since the weak homotopy type 
of M//G is the Borel construction M Xg EG, this gives a new presentation for the 
weak homotopy type of the Borel construction. 

1.1. Higher Etale Differentiable Stacks. Etale differentiable stacks model quo¬ 
tients of smooth manifolds by certain symmetries, and their points can possess in¬ 
trinsic (discrete) automorphism groups. The most prevalently studied subclass of 
etale stacks is that of smooth orbifolds, however there are other important geomet¬ 
ric examples of etale differentiable stacks not of this form, e.g. quotients of smooth 
manifolds by almost free actions of non-compact Lie groups, and leaf spaces of 
foliated manifolds. Etale differentiable stacks have been studied by various au¬ 
thors, c.f. [20, 23, 31, 14, 13, 32, 30, 5, 7]. Higher etale differentiable stacks are 
higher categorical analogues of etale differentiable stacks allowing not only points to 
have automorphisms, but also the automorphisms of points to have automorphisms 
themselves, and so on. 

One common geometric presentation for etale differentiable stacks is the bicat¬ 
egory whose objects are etale Lie groupoids, and whose morphisms are given by 
groupoid principal bundles (aka Hilsum-Skandalis maps), and whose 2-morphisms 
are morphisms of such bundles. More generally, higher etale differentiable stacks 
are precisely those higher stacks arising from etale simplicial manifolds. Recently, 
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we have given a complete categorical characterization of higher etale differentiable 
stacks which is independent of the description in terms of simplicial manifolds (see 
[ 8 ] for the 2-categorical case, and [9] for the general case). The characterization is 
relatively simple. Let n-Mfd et denote the category of smooth n-manifolds and their 
local diffeomorphisms. There is a canonical faithful functor 

j n ■■ n-Mfd et ->• Mfd 

to the category of all smooth manifolds and their smooth maps, and it induces a 
functor 

j* : Sh^ (Mfd) -> Shoo ( n-Mfd 

between their associated oo-categories of higher stacks by restriction along j n . This 
functor has a left adjoint 

j? : Shoo (n-Mfd*) -)• Shoo (Mfd) 

called the n-dimensional etale prolongation functor. A higher stack on the 
category of smooth manifolds Mfd is an n-dimensional higher etale differentiable 
stack if and only if it is in the essential image of jf. (In fact, Shoo (n-Mfd et ) is 
equivalent to the oo-category of n-dimensional higher etale differentiable stacks and 
their local diffeomorphisms.) 


1.2. Foliations with Transverse Structures. In his seminal paper [12], Hae- 
fliger introduces several Lie groupoids whose classifying spaces are related to the 
classification of foliations with certain transverse structures. E.g., he constructs a 
Lie groupoid whose classifying space BY S 2 f } is related to the classification of in- 
tegrable homotopy classes of foliations with transverse symplectic structure, and he 
constructs a Lie groupoid 1RT 9 corresponding to the case of transverse Riemannian 
metrics. See Section 2.2 for more details (in particular Theorem 2.2). 

In [ 8 ] , we show that for any manifold M, submersions 


M -»■ 


r Sp 
1 2q > 


where 


-iSp 
2 q 


is the differentiable stack associated to Y 2 f‘ , are in bijection with 


foliations of M of codimension 2 q equipped with a transverse symplectic structure, 
and similarly submersions 

M pir 9 ] 


are the same as foliations with transverse metrics. We also show in op. cit. that 


pSp 
1 2<? 



(§ 2 q) , where 82 q is the sheaf on 2 g-manifolds and their local diffeo¬ 


morphisms which assigns to a 2 (/-manifold its set of symplectic forms, and similarly 
[IRT 9 ] = jf (CRg) where is the sheaf on g-manifolds and their local diffeomor¬ 
phisms which assigns to each g-manifold its set of Riemannian metrics. 


By Corollary 3.1 of this paper, the homotopy type of 


pSp 

1 2 <2 


is BT^g and the 


homotopy type of [1RT 9 ] is B3lT q . Since, the stacks 


pSp 

l 2q 


and [ 1 RT 9 ] are determined 


by the sheaves 82 q and respectively, there must be a natural way of expressing 
the homotopy type of BY 2 f‘ and BJiY q in terms of these sheaves. Spelling this out 
leads to generalizations of Segal’s theorem, namely Theorems 3.8 and 3.9 of this 
article. 
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1.3. Organization and Main Results. In Section 2 we review the theory of etale 
differentiable stacks and their higher categorical generalizations. In particular, we 
review some of the main results of Chapter 6.1 of [9]. 

In Section 3, we explain various ways of associating to a higher etale differen¬ 
tiable stack a weak homotopy type. In particular, in Section 3.1, we introduce the 
fundamental oo-groupoid functor 

IIoo : Sh^ ( Mfd) -A Gpd^, 

which is a functor associating to any higher stack ST on the site of smooth manifolds 
its weak homotopy type (regarded as an oo-groupoid). We then prove the following 
proposition, which is a strengthening of results found in [10] and [25]: 

Proposition 1 . 1 . The fundamental oo-groupoid functor 

IIoo : Shoo (Mfd) -A Gpdoo 

sends every manifold M in Mfd to its underlying homotopy type, where Mfd is the 
category of all topological spaces with a smooth atlas, i.e. smooth manifolds which 
need not be Hausdorjf or 2 nd -countable. 

This turns out to be an essential strengthening as there are many important 
examples of Lie groupoids whose arrow spaces are non-Hausdorff, e.g. Haefliger’s 
groupoid T q . 

In Section 3.2, we explain the relationship between the fat geometric realization 
functor 

|| • || : Top A ° P -A Top 
and the fundamental oo-groupoid functor 

IIoo : Shoo (Mfd) -A Gpd^. 

Namely, we prove the following theorem: 

Theorem 1 . 1 . Suppose that X m : A op — > Mfd is a simplicial manifold and let [X.] 
be its associated higher stack. Then IIoo [X.] has the same weak homotopy type as 
11 * 11 - 

As an immediate corollary we get: 

Corollary 1 . 1 . For [9] a differentiable stack, IIoo ([9]) has the same weak homotopy 
type as B 9. 

Along the way, we prove two useful facts about fat geometric realization: 

Lemma 1 . 2 . If f : X m —>• Y m is a map of (semi-)simplicial spaces which is a 
degree-wise weak homotopy equivalence, then the induced map 

11 * 11 ^ 11*11 

is a weak homotopy equivalence. 

Lemma 1 . 3 . If X, : A op -A Top is any simplicial space then ||JA|| is the homotopy 
colimit of X,. 

The above two lemmas appear to be well-known in some crowds, however we 
found it a worthy exercise to write up their full proofs as there are some subtleties 
to deal with when the spaces involved are not Tl. 
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In Section 3.3, we introduce the discrete monoid of self-embeddings of R n , 
Emb (R™), and in Section 3.4 we use this monoid in an essential way to give an 
alternative description of the weak homotopy type IIoo (SF) of a higher stack 5F, 
when SF is a higher etale differentiable stack. 

Our main theorem is the following: 

Theorem 1.4. Suppose that F in Sh^ ^ n-Mfd et ^ is an oo-sheaf on n-manifolds 
and their local diffeomorphisms, and let SF = jfF be its associated n-dimensional 
etale differentiable oo-stack. Then the oo-groupoid IIoo (3F) can be expressed as the 
colimit of the following composite: 

Emb (R") op ->• ( n-Mfd dt y P Gpd^. 

Using this theorem, we give an easy proof of the following celebrated theorem of 
Segal’s: 

Theorem 1.5. (Proposition 1.3 of [27]j 

Let r n be the n-dimensional Haefliger groupoid of Example 2.6. Then there is a 
weak homotopy equivalence between classifying spaces: 

B (Emb (R”)) BT n . 

Similar arguments lead to generalizations of Segal’s theorem: 

Theorem 1.6. Let Sp 2 n denote the following category. The objects consist of 
symplectic forms oo on R 2 ™. An arrow w —> ui' between two such symplectic forms 
is an embedding 

tp: R 2n R 2 " 

such that <p*u)' = uj. Then there is a weak homotopy equivalence between classifying 
spaces: 

B (Sp2n) BV S Z, 

where is the Lie groupoid from Example 2. 7. 

Theorem 1.7. Let ‘Jiiem n denote the following category. The objects consist of 
Riemannian metrics g on R”. An arrow g —» g' between two such metrics is an 
embedding 

ip : R™ ^ R" 

such that p*g' = g. Then there is a weak homotopy equivalence between classifying 
spaces: 

B ( “Riemn ) —> BlRr n , 

where lRr ra is the Lie groupoid from Example 2.8. 

Finally, in Section 4, we derive an alternative description of the Borel construc¬ 
tion M xg EG of an almost free action of a Lie group G on a smooth manifold M. 
Firstly, if n = dim M — dimG, then we define the Borel category 53or (G (t AT). Its 
objects are smooth maps 

/ : R n M 

which are transverse to all the G-orbits, and its arrows from / to f are pairs (</?, r) 
with 
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an embedding, and with 


t : R rl -A G 

a smooth map such that for all x £ K" we have 

f{x) =t(x) ■ f'(ip(x)). 
We then prove the following theorem: 


Theorem 1.8. Let G be a Lie group of dimension k and let M be a smooth (n + k)- 
manifold equipped with an almost free G-action. Then M XqEG has the same weak 
homotopy type as B (25ot (G d M)). 


1.4. Higher Categorical Background. Higher category theory, and in particu¬ 
lar the language of oo-categories, will be used throughout this paper. However, the 
reader need not be familiar with this language in order to read this paper, as long 
as they comfortable with some basic notions from category theory and are willing 
to accept at faith certain generalizations of these concepts to higher categories. For 
the reader’s convenience, we give a brief introduction to this language in Appendix 
A, which we hope to be sufficient for the purposes of reading this paper. The reader 
will be assumed to have some familiarity with basics of homotopy theory. 


Acknowledgments. We are grateful to Baptiste Devyver, Achim Krause, Tyler 
Lawson, Urs Schreiber, and Danny Stevenson for helpful discussions. We are also 
grateful for the pleasant working environments provided by both the mathemat¬ 
ics department of the University of British Columbia, as well as the Max Planck 
Institute for Mathematics, where a large portion of this research was conducted. 


2. A Review of Higher Orbifolds and Etale Stacks 

In this section, we recall for the reader some of the theory of etale differentiable 
stacks and their higher categorical analogues. 

2.1. Lie Groupoids. 

Definition 2.1. Denote by Mfd the category of all smooth manifolds, where we 
assume that each manifold M in Mfd is 2 nd countable and Hausdorff so that Mfd is 
essentially small by Whitney’s embedding theorem. We denote by Mfd the category 
of all smooth manifolds without these conditions, i.e. the category of topological 
spaces with a smooth atlas. 

Definition 2.2. An Lie groupoid is a groupoid object in the category Mfd such 
that the source and target maps are submersions. Explicitly, it is a diagram 





1 

of smooth manifolds and smooth maps between them satisfying the usual axioms. 
Forgetting the manifold structure, one obtains an ordinary small groupoid. Let s 
and t denote the source and target maps of a groupoid respectively. Such a Lie 
groupoid S is etale if the source map s (and therefore the target map t ) is a local 
diffeomorphism. 
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Lie groupoids form a 2-category with smooth functors as 1-morphisms and 
smooth natural transformations as 2-morphisms. We will denote this 2-category by 

LieGpd. 

Remark 2.1. Often in other literature, Lie groupoids are required to have a Haus- 
dorff object space. However, we will only be concerned with the differentiable stacks 
associated to Lie groupoids, and every Lie groupoid S in the sense we defined can 
be replaced with another Lie groupoid S 7 in the more restrictive sense, such that 
they have the same associated stack. 

Given a Lie groupoid S, and a point x € So, one may consider the isotropy group 
Sx of x , which is the collection of all arrows g : x — > x of S, considered as a closed 
submanifold of Si. Sx naturally has the structure of a Lie group. 

Definition 2.3. A foliation groupoid is a Lie groupoid S such that for each 
x € So, the isotropy group Sx is discrete. 

Remark 2.2. Every etale Lie groupoid is in particular a foliation groupoid. 

Remark 2.3. A Lie groupoid S is a foliation groupoid if and only if the orbits of S 
are the leaves of a regular foliation of So, that is, all the orbits of S have the same 
dimension. 

Definition 2.4. A Lie groupoid S is proper if the map 

(s, t) : Si — > So x So 

is proper. (Recall that a continuous map is proper if the pre-image of any compact 
set is compact). 

Definition 2.5. A smooth functor ip : ‘K —> S of Lie groupoids is a Morita 
equivalence if the following two properties hold: 
i) (Essentially Surjective) 

The map topn : Si x g 0 Jfo —> So is a surjective submersion, where Si x g 0 dfo 
is the hbered product 


Si x g 0 dfo —-—► Jto 


pr i 


Si--- -So. 

(Fully Faithful) The following is a fibered product: 


dfi 


<p 


*Si 


(»,*) 


(s,t) 


dfo x !Ko —-—t So x So- 

Two Lie groupoids L and are Morita equivalent if there is a chain of Morita 
equivalences £<—?{—>■ JfA 


Proposition 2.1. (Proposition 5.20 of [22]; 

A Lie groupoid S is a foliation groupoid if and only if it is Morita equivalent to an 
etale Lie groupoid. 
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Proof. For the full proof, see [22], p. 136. Let T ^ So be a complete transversal 
to the foliation on So induced by the orbits of the groupoid, that is T is a closed 
submanifold which hits every orbit at least once. Then St is etale and the canonical 
map Sr —t S is a Morita equivalence. □ 

Remark 2.4. If S is a foliation groupoid and the orbits of S all have codimension 
q , then the etale Lie groupoid St constructed above has dimension q. 

There are many interesting examples of Lie groupoids important for this paper: 

Example 2.1. Any manifold M can be considered as a Lie groupoid M ld : whose 
only arrows are the identity arrows. M ld is trivially an etale Lie groupoid. 

Example 2.2. If G is a Lie group, then G may be considered as a Lie groupoid 

G 4 * 

whose space of objects is the one point space. 

Example 2.3. If / : N —> M is a submersion, then we can form the pair groupoid 
Pair (f) whose object space is N and whose arrow space is N XmIV. Here, an 
element ( x,y ) £ N Xm N is viewed as an arrow from y to x and composition is 
given by the rule 

{x,y) ° (y,z) = 0 ,z) ■ 

There is a canonical smooth functor Pair (/) —>• M ld which is a Morita equivalence. 

Example 2.4. If 'll = (U a c —> M) is an open cover of a manifold M, then associated 
to this cover there is the Cech groupoid Mu- This groupoid is the pair groupoid 
of the projection 

n u a ^M, 

a. 

so the object space of this Lie groupoid is the disjoint union 

II'- 

OL 

and the arrows space is the disjoint union 

I] u a nu 0 . 

a.,/3 

There is a canonical smooth functor Mu —>• M ld which is a Morita equivalence. All 
Cech groupoids are etale Lie groupoids. 

Remark 2.5. Example 2.1 is the special case of Example 2.4 where the open cover 
is the identity map. 

Example 2.5. Let G be a Lie group acting on a smooth manifold M. Associated 
to this action is the action groupoid G k M. The object space of this groupoid 
is M and the arrow space is the manifold G x M, where a pair 

(g,x) £ G x M 

is an arrow 

x —> g ■ x, 

with the obvious composition rule. If the action is almost free (i.e. each stabilizer 
group G x is discrete), then G x M is a foliation groupoid. If G itself is discrete, 
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then G ix M is an etale Lie groupoid. If the action of G is proper, then the action 
groupoid is proper. 

Example 2 . 6 . Let M be a manifold. Consider the sheaf L of sets on M which 
assigns to each open subset U of M the set of (abstract) local diffeomorphisms of 
U into M. (This is the sheafification of the presheaf of embeddings). Let 

s : T (M) 1 -» M 

be the etale space of this sheaf, i.e. s is the local homeomorphism over M whose 
sheaf of sections is L. Since s is a local homeomorphism, the space T (M) 1 inherits 
a smooth atlas, making it a smooth manifold (although it is highly non-Hausdorff). 
As a set, T (M) 1 is the disjoint union of the stalks of L: 

r {M) 1 “ ]J L x . 

A point in £ x is of the form germ x (p for :£/—>■ M a local diffeomorphism from a 
neighborhood U of x. The assignment 

germ x tp <p ( x) 

is well defined and assembles into a local diffeomorphism 

t : T(M) 1 ->• M. 

Composition of germs gives a groupoid structure, defining an etale Lie groupoid 
T (M), called the Haefliger groupoid of M, whose space of objects is M and 
whose arrows x —> y are given by germs of locally defined diffeomorphisms around 
x that carry x to y. The Haefliger groupoid of R ra will be denoted by T n . 

Example 2 . 7 . Consider R 2ra with its canonical symplectic structure, which in 
coordinates (pi,. .. ,p n , qi,.. ., q n ) is given by 

n 

(dean. = ^ ^ dpi A (l (]/. 

1=1 

Each open subset U is canonically a symplectic manifold with symplectic form 
(dean. | u) and one can consider the presheaf on R 2n assigning to U the set of sym¬ 
plectic embeddings 

U ^ R 2n , 

both endowed with their canonical symplectic structure. Its sheafification is the 
sheaf £S assigning U the set of local symplectomorphisms 

U ->• R 2 ”. 

A completely analogous construction to Example 2.6 now produces an etale Lie 
groupoid whose space of objects is R 2rl and whose arrows x —>• y are given by 
germs of locally defined symplectomorphisms carrying x to y. 

Example 2 . 8 . Let 31 be the sheaf on R n which assigns to each open subset U the 
set of Riemannian metrics on U. Let N —> R ra be the etale space of this sheaf. Then 
N inherits the structure of a (non-Hausdorff) smooth n-dimensional manifold and 
carries a canonical Riemannian metric. An analogous construction to Example 2.6 
and Example 2.7 yields an etale Lie groupoid mr™ whose space of objects is N, and 
whose arrows x —>- y are given by germs of locally defined isometries of N carrying 
x to y. We will denote this groupoid by 3?T". 
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2.2. Classifying Spaces of Lie Groupoids and the Classification of Folia¬ 
tions. Associated naturally to each Lie groupoid S is a simplicial manifold 

N (S). : A°p -A MJd, 

which is its simplicial nerve. The underlying set is the ordinary nerve of the under¬ 
lying (discrete) groupoid of S, so it suffices to describe the manifold structure on 
each set N (S)„ . For n = 0 

N (S) 0 = So 

and for n = 1 

N( S) 1 = S 1 , 

which are manifolds, and for n > 1 

N (5) n = Si x So Si x So ... x So Si, 

which is an iterated pullback of submersions, hence also a manifold. 

Definition 2.6. If S is a Lie groupoid, we denote by B S the fat geometric real¬ 
ization (Definition 3.1) \\N (S) || of the underlying simplicial space of the simplicial 
manifold N (S) # , and call it the classifying space of S- 

Example 2.9. Regarding a Lie group G as a Lie groupoid with one object, its 
classifying space BG as above is a particular model for the classifying space for 
principal G-bundles. If G x G is the action groupoid associated to the canonical 
(left) action of G on itself, the canonical map 

B(G«G)-> BG 

is a universal principal G-bundle, that is, B (G x G) is an EG. More generally, 
by Proposition 4.3.32 of [25], if G d M is a smooth action of a Lie group, then 
B (G x M) is homeomorphic to the Borel construction M Xg EG, where EG is 
taken to be B (G x G) as above. 

The classifying spaces of the Lie groupoids from Examples 2.6, 2.7, and 2.8 play 
an important role in foliation theory. We will summarize an important result of 
Haefliger’s on the classification of regular foliations: 

Definition 2.7. Two foliations To an d Ti on a manifold M are integrably ho¬ 
motopic if there is a foliation K on M x I transverse to each slice M x {t} and 
inducing T) on each M x {*} , for * = 0,1. 

There exists a smooth functor 


T 9 -A GL g 

between the Haefliger groupoid of W 1 and the Lie group GL q regarded as a one- 
object Lie groupoid, induced by the assignment to each local diffeomorphism <£> its 
derivative. By functorially, there is an induced map between classifying spaces 

v : BT q —> B GL«j. 


The following is Haefliger’s theorem: 
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Theorem 2.1. ([12], Section 3) If M is a paracompact open manifold, of dimension 
n , then there is a bijection between integrable homotopy classes of foliations of M 
of codimension q and homotopy classes of lifts 

BT q x B GL n _ 9 
x 

/ 

/ vxid 

/ 

, -BGL,xSGL„_, 

/ 

M - -—-- B GL„, 

where tM is the map classifying the tangent bundle of M and © is the Whitney 
sum map. 

Definition 2.8. A foliation with transverse metric on M is a foliation T on 
M together with a positive g € T (M, Sym 2 T*M) such that 

a) For all x £ M, ker (g x ) = Sr x , 

b) g is invariant under the flows tangent to the leaves. 

Definition 2.9. A foliation with transverse symplectic structure on M is a 

foliation T together with a closed 2-form ui such that for all x, ker (w x ) = T x . 

Remark 2.6. The invariance under flows along leaves in the above definition is in 
fact automatic by Cartan’s magic formula 


Lx = Lx ° d + d o l x , 


since w is a closed form. 

Since both T^q and fkr 9 are groupoids of germs of local diffeomorphisms, there 
are analogously defined smooth functors v to GL 2 q and GL q respectively. Moreover, 
Definition 2.7 has an obvious generalization for foliations with transverse metrics 
and transverse symplectic structures, respectively; one has to simply ask for the 
homotopy J~C to be a foliation of the same type. There is a variant of Haefliger’s 
theorem which also holds in these cases, namely: 

Theorem 2.2. ^12], Section 3) Let M be a paracompact open manifold of dimen¬ 
sion n. There is a bijection between integrable homotopy classes of foliations with 
transverse metrics on M of codimension q and homotopy classes of lifts 


BHT q x B GL n _ q 


vxid 


B GL 9 xBGL n _, 


M- 


tM 


-> B GL„, 
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and there is also a bijection between integrable homotopy classes of foliations with 
transverse symplectic forms on M of codimension 2 q and homotopy classes of lifts 


BT S 2 p q x RGL„_ 9 


vxid 


M ■ 


tM 


B GL 9 xBGL n _, 


-A B GL„ . 


Remark 2.7. The Lie groupoids T 2q and Dir 9 are only examples that seem par¬ 
ticularly illustrative because they are geometric in nature; Haefliger’s theorem in 
fact applies to a large class etale Lie groupoids T, and for each such T there is an 
associated notion of a T-foliation. For T 2q and Dir 9 , these agree with foliations 
with transverse symplectic structure and transverse metric respectively. 

We end this subsection by citing a celebrated theorem of Segal: 

Theorem 2.3. (Proposition 1.3 of [27]) 

Let Emb(R”) denote the discrete monoid of self embeddings of MS. Then there is 
a weak homotopy equivalence between classifying spaces: 

B (Emb (R n )) -4 BT n . 

One of the main results of this paper is a generalization of this result for the Lie 
groupoids T 2q and Dir 9 . In fact, it applies to to the much larger class of etale Lie 
groupoids for which Haefliger’s theorem holds. 

2.3. Higher Differentiable Stacks. In this subsection, we will give a streamlined 
review of the theory of higher stacks and etale differentiable stacks needed for this 
article. There is a more detailed and precise account given in Appendix A.4. 

2.4. Differentiable Stacks. 


Definition 2.10. Denote by Pshi ( Mfd ) the bicategory of (possibly weak) 2-functors 

ST : Mfd op -4 Gpd 

from (the opposite of) the category Mfd into the bicategory of (essentially small) 
groupoids. 

Let S be a Lie groupoid. Then 9 determines a weak presheaf of groupoids on 
Mfd by the rule 


M 1-4 HoniLieGpd (M ld , 9) , 

This defines a 2-functor y : LieGpd -4 Pshi (Mfd) and we have the obvious com¬ 
mutative diagram 


Mfd -— Psh (Mfd) 


( .)M) 



LieGpd-^4 Pshi (Mfd ), 









ON THE HOMOTOPY TYPE OF HIGHER ORBIFOLDS AND HAEFLIGER CLASSIFYING SPACES 13 


where y denotes the Yoneda embedding. 

Definition 2.11. A weak presheaf of groupoids St? : Mfd op -4 Gpd is a stack (or 
1-sheaf) if and only if for every manifold M and every open cover 'll = (U a °4- M), 
the canonical map 

Horn (y (M), SIS') -4 Horn (y (Mu) , St?) 

is an equivalence of groupoids. Denote the full subcategory of Pshi (Mfd) on the 
stacks by St (Mfd). The canonical inclusion 

St (Mfd) ^4 Pshi (Mfd) 

admits a left adjoint a called the stackiflcation functor, and a preserve finite 
limits. 

Remark 2.8. One can analogously define stacks on the large category Mfd , and 
the resulting bicategory is canonically equivalent to the above, by Remark A.4. 

Definition 2.12. We denote by [9] the associated stack on Mfd , a o y (S), where 
a is the stackiflcation 2-functor. The stack [9] is called the stack completion of 
the groupoid 9- 

Definition 2.13. A stack of groupoids St? on Mfd is a differentiable stack if it 
is equivalent to [9] for some Lie groupoid 9- 

Definition 2.14. If G (t M is a smooth action of a Lie group on a manifold, then 
we denote by M//G the stack completion of the action groupoid G k M, and call 
it the stacky-quotient of M by G. 

Proposition 2.2. If Lp : Si -4 9 is a smooth functor, then the induced map 

M : m -+ [S] 

is an equivalence if and only if p is a Morita equivalence. 

Definition 2.15. An etale differentiable stack is a stack St? of groupoids on 
Mfd such that St? ~ [9] for 9 an etale Lie groupoid. We denote the full subcategory 
of St (Mfd) on the etale differentiable stacks by GitDiffSt. 

Remark 2.9. By Proposition 2.1 and Proposition 2.2, it follows that a stack St? 
of groupoids on Mfd is an etale differentiable stack if and only if St? is equivalent 
to [9] for 9 a foliation Lie groupoid. 

Definition 2.16. An orbifold is a stack St? of groupoids on Mfd such that St? ~ [9] 
for 9 a proper foliation Lie groupoid. 

Definition 2.17. Let T" denote the etale Lie groupoid from Example 2.6. Then 
[T n ] =: H n is called the n-dimensional Haefliger stack. 

Every smooth functor J~C -4 9 induces a map pf] -4 [9] and the induced functor 
Horn (SC, 9) -4 Horn (pf], [9]) 

is full and faithful, but not in general essentially surjective. However, any morphism 

m is] 

arises from a chain 

9 , 
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with —> !K a Morita equivalence. In fact, the class of Morita equivalences admits 
a calculus of fractions, and the bicategory of differentiable stacks is equivalent to 
the bicategory of fractions of Lie groupoids with inverted Morita equivalences. For 
details see [23]. 

2.5. Higher Etale Differentiable Stacks. 

Definition 2.18. An oo-presheaf on manifolds is a functor S£ : Mfd op —> Gpd^ 
from (the opposite of) the category of smooth manifolds to the oo-category of oo- 
groupoids. We denote the oo-category of such functors by Psh^ ( Mfd ). Given any 
weak presheaf of groupoids there is an associated oo-presheaf 

Mf d °p Gpd ^ Gpd^, 

and this assignment induces a canonical inclusion 

Pshi {Mfd) Pshoo {Mfd). 

Remark 2.10. Any oo-presheaf can be modeled by an ordinary functor 

X : Mfd op -A Set A ° P 

from (the opposite of) the category of manifolds to the category of simplicial sets, 
such that each simplicial set X (M) is a Kan complex. More precisely, there is a 
model category structure on simplicial presheaves whose fibrant objects satisfy the 
above condition, and whose associated oo-category is equivalent to Pshoo {Mfd). 

Definition 2.19. We say that an oo-presheaf on manifolds 3£ is an oo-stack (or 
oo-sheaf) if for any manifold M and any open cover {U a ^A M ), the canonical map 

Horn {y {M ), 3£) —» Horn {y {Mu ), 2&) 

is an equivalence of oo-groupoids. Denote the full subcategory of Pshoo {Mfd) on 
the oo-stacks by Shoo {Mfd). The canonical inclusion 

Shoo {Mfd) -A Pshoo {Mfd) 

admits a left adjoint a called the oo-stackiflcation functor, and a preserve finite 
limits. 

By Proposition A.3, one can define oo-stacks over Mfd in a completely analogous 
way, and there is a canonical equivalence of oo-categories Shoo (^Mfd^J ~ Shoo {Mfd). 

-et , 

Definition 2.20. Denote by Mfd the category of (possibly non-Hausdorff or 2 
countable) smooth manifolds and their local diffeomorphisms. An etale simplicial 
manifold is a functor 

s. : A op Mfd et - 

Such an etale simplicial manifold is said to be n-dimensional if each Si is an n- 
dimensional manifold. 


An etale simplicial manifold S. yields a simplicial oo-sheaf 

S. : A op -A Shoo {Mfd ), 

which is defined as the composite 

A op -—-> Mfd^ -A Mfd 4 Shoo (Wd) - Shoo {Mfd). 


S. 



ON THE HOMOTOPY TYPE OF HIGHER ORBIFOLDS AND HAEFLIGER CLASSIFYING SPACES 15 


Denote by 

[9.] := colim 

Remark 2 . 11 . If 9. is the nerve of an etale Lie groupoid 9, then [9.] = [9] is the 
etale differentiable stack associated to 9- A general etale simplicial manifold should 
be thought of as a higher etale Lie groupoid. To see that [9.] = [9], it suffices to see 
that the colimit of 9» in oo-presheaves is y (9), since a preserves colimits, as it is a 
left adjoint. Colimits in oo-presheaves are computed object-wise, so it suffices to see 
that the nerve of a discrete groupoid is the homotopy colimit of itself, considered 
as a simplicial diagram of simplicial sets. This follows from the well known fact 
that the homotopy colimit of a bisimplicial set can be computed as its diagonal. 

Definition 2 . 21 . An oo-stack 33 on Mfd is an etale differentiable oo-stack 

if and only if it is equivalent to one of the form [9.] with 9» an etale simplicial 
manifold. Denote the corresponding oo-category by GTDiffSt^. Such an etale dif¬ 
ferentiable oo-stack is said to be n-dimensional if 33 ~ [9.], with 9» n-dimensional. 
Denote the corresponding oo-category by n-(ELD iff© t^. 

Remark 2 . 12 . In [9], we define etale differentiable oo-stacks as oo-stacks arising 
as the functor of points of certain locally ringed oo-topoi. However, Proposition 
6.1.2 of loc. cit. establishes an equivalence between these two definitions. 

Definition 2 . 22 . Denote by Mfd et the category of manifolds and their local dif- 
feomorphisms and by 

j : Mfd** ->• Mfd 

the canonical functor. There is a canonical restriction functor 

f ■■ Shoo (Mfd) Shoo (Mfd 

and it admits a left adjoint j\ called the etale prolongation functor. Similarly, 
denote by 

j n : n-Mfd et ->• Mfd 

the canonical functor from n-manifolds and their local diffeomorphisms to all smooth 
manifolds and all smooth maps. The restriction functor 

j* n : Shoo (Mfd) Shoo (Mfd 

likewise admits a left adjoint jf called the n-dimensional etale prolongation 
functor. 

Theorem 2 . 4 . f|9] Theorem 5.3.9) An oo-stack 3(3 on Mfd is an etale differentiable 
oo-stack if and only if it is in the essential image of the etale prolongation functor j\. 
Similarly, an oo-stack 33 on Mfd is an n-dimensional etale differentiable oo-stack 
if and only if it is in the essential image of the n-dimensional etale prolongation 
functor jf. 

The concept of a local diffeomorphism of manifolds extends to etale differen¬ 
tiable oo-stacks. This is done most naturally by considering such stacks as the 
functor of points of smooth oo-etendues and then appealing to the notion of a lo¬ 
cal homeomorphism of structured oo-topoi, however this can be defined in another 
way: 

Definition 2 . 23 . A morphism / : 33 —> 3V between etale differentiable oo-stacks 
is a local diffeomorphism if it is in the essential image of j\. 
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Remark 2.13. For SF and 3f etale differentiable stacks with 3f ~ [IK], 

/ : SF -A & 

is a local diffeomorphism if and only if there exists an etale Lie groupoid S with 
[S] ~ % and a smooth functor F : S —> SC such that F 0 : So —t SCq is a local 
diffeomorphism, such that / is equivalent to [F]. 

The n-dimensional Haefliger stack of Definition 2.17 enjoys a special universal 
property with respect to local diffeomorphisms: 

Theorem 2.5. ('[9] Theorem 6.1.6) Denote by n-<£bDiff0t^ the oo-category con¬ 
sisting of n-dimensional etale differentiable oo-stacks and only the local diffeomor¬ 
phisms between them. Then H„ is the terminal object in this oo-category, that 
is, for any other n-dimensional etale differentiable oo-stacks SF , the oo-groupoid 
Hom et (SF, H„) of local diffeomorphisms from SF to H„ is contractible. 

Given an n-dimensional etale differentiable oo-stacks SF , it determines an oo- 
stack y ei (SF) on n-Mfd et by assigning to each n-manifold M the oo-groupoid 
Hom et (M, SF) of local diffeomorphisms from M to if. The assignment 3F i-a 
y et (SF) is not functorial with respect to all maps of stacks, but it is with respect 
to local diffeomorphisms and ones gets an induced functor 

y £t : n-CtSJiffSi^ -A Sh^ ( n-Mfd . 

Theorem 2.6. ([9] Theorem 6.1.3) The above functor y et is an equivalence of oo- 
categories. Moreover, given an n-dimensional etale stack SF , there is a canonical 
equivalence JF ~ ji n y et (SF). 

Corollary 2.1. The n-dimensional Haefliger stack H n can be described as 
where 1 is the terminal sheaf. 

Proof. By Theorem 2.5, y et (H„) must be terminal. The result now follows from 
Theorem 2.6. □ 


Example 2.10. Consider the functor 

( , \ op 

2n-Mfd et ) —> Set 

sending a 2n-dimensional manifold M to the set of symplectic forms on M. Note 
that this is not even a functor on 2 n-Mfd, but it is functorial with respect to local 
diffeomorphisms, and in fact is a sheaf. By Example 2 of Section 3.2.2 of [8], 


j? n (S 2n ) 


1 2 n 


where f'.J^ is the Lie groupoid from Example 2.7. 


( , \ op 

n-Mfd et ) —>• Set be the functor which assigns each 
n-manifold M its set of Riemannian metrics. Then similarly to the above example, 
although this is not functorial with respect to all maps, it is functorial with respect 
to local diffeomorphisms and is a sheaf. By Example 3 of Section 3.2.2 of [8], we 
have that 


j|" (3in) ^ PIT"] . 
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3. The Homotopy Type of a Higher Stack 

3.1. The Fundamental Infinity Groupoid Functor. We start this section with 
a very important proposition. It is not due to us. It follows as a formal corollary 
from Proposition 8.3 of [10], and also from Proposition 4.3.29 and Corollary 4.4.28 
of [25]. However, we will give a simpler and more direct argument. We will also 
derived a slightly stronger statement by similar techniques. 

Proposition 3.1. There is a colimit preserving functor 

IIoo : Shoo ( Mfd) -> Gpdoo, 

which sends every manifold M in Mfd to its underlying homotopy type. For a given 
oo-stack F, we call Hoo (F) its fundamental oo-groupoid. 

First we will need an easy lemma: 

Lemma 3.1. There is a canonical functor Top —>• Gpd^ from the category of 
topological spaces to the oo-category of oo-groupoids sending each space X to its 
weak homotopy type. 

Proof. Let Top denote the category of topological spaces, and let W denote the 
class of weak homotopy equivalences. There exists an oo-category f together with 
a morphism h : Top —>• f, universal with the property that for any oo-category 
composition with h induces an equivalences of oo-categories 

Fun (‘if, 3>) — > Funw (Top, $)) 

between the oo-category of functors f —\ and the oo-category of functors 
Top —> which send each weak homotopy equivalence to an equivalence in *2). 
The existence follows from Section 2.1 of [15]. By Proposition 2.2.1 of op. cit., it 
follows that f must be the oo-category associated to the standard Quillen model 
structure on Top, which is none other than Gpd^. We conclude that there is a 
canonical functor h : Top —> Gpd^, sending each topological space to its weak 
homotopy type. □ 

Remark 3.1. By the proof of Corollary 4.2.4.8 of [19], it follows that h sends 
homotopy colimits in Top to colimits in Gpd^. 

We will now give a proof of Proposition 3.1: 

Proof. From Lemma 3.1, by composition we get a functor 

7r : Mfd Top -A Gpd^ 

sending each smooth manifold to its homotopy type. By Theorem A.2, by left Kan 
extension there is a colimit preserving functor 

Lan y 7r : Pshoo (Mfd) — > Gpd,^ 

sending every manifold to its underlying homotopy type. It follows from the Yoneda 
lemma that this functor has a right adjoint R„ which sends an oo-groupoid X to 
the oo-presheaf 

R w (X) : M Horn (tt (M) , X). 

We claim that R „ (X) is an oo-sheaf. To see this, it suffices to observe that if 

IX = (U a -a M) 
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is an open cover of a manifold M, then the colimit of 

AT (M U ) 

A op -> Mfd -»■ Gpd^ 

is 7T (M) , which follows for an open cover of an arbitrary topological space by 
Theorem 1.1 of [11] combined with Remark 3.1. It follows that Lan y 7r and R n 
restrict to an adjunction 

II oo H A 

between Sh^ (Mfd) and Gpd^, so in particular, IIoo preserves colimits. □ 

An advantage of our approach in regards to that of [10] and [25] is it readily 
generalizes, e.g.: 

Proposition 3.2. The functor 

IIoo : Shoo (Mfd) Gpdoo 

of Proposition 3.1 sends every manifold M in Mfd to its underlying homotopy type. 
(Recall that Mfd is the category of all topological spaces with a smooth atlas, i.e. 
smooth manifolds which need not be Hausdorff or 2 nd -countable.) 

Proof. Denote by Gpdoo the oo-category of oo-groupoids belonging to a larger 
Grothendieck universe V. Then by the same argument as for the proof of 3.1 there 

exists a V-small colimit preserving functor IIoo : Shoo (Mfd) —> Gpdgo which sends 

every manifold M in Mfd to its underlying homotopy type. Note that by Remark 
6.3.5.17 of [19], both inclusions 

G P d oo ^ Gpdoo 

and 

Shoo (Mfd) ^ Shoo (Wd) 

preserve small colimits (with respect to the smaller universe). It follows that the 
two composites 

Shoo (Mfd) ~ Shoo (Wd) ^ Shoo (Wd) -—-> Gpdoo 

and 

Shoo (Mfd) --—Gpdoo Gpdoo 

are colimit preserving and agree (up to homotopy) on every manifold N in Mfd. 
It follows from Theorem A.2 that both functors must in fact be equivalent. In 
particular, if M is a manifold in Mfd , then IIoo (M) ~ IIoo (M). □ 

3.2. Fat Geometric Realization. We will now explain the relationship between 
the functor 

IIoo : Shoo (Mfd) -» Gpd^ 
and the fat geometric realization functor 

|| • || :Top A “ P —► Top . 
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Definition 3.1. Let A+ denote the category of non-empty finite ordinals and 
injective order-preserving maps. A semi-simplicial space is a functor 

Y. : A° p -)• Top. 


Denote by 


i : A_|_ — y A 


the canonical functor, and denote by 


i* : Top 


A op 


_ A °P 

Top A + 


the functor X . X # o i op . The fat geometric realization of a semi-simplicial 

space Y, is the following co-end: 


i mi 


/»n£ A_|_ 


Y n x A" 


and the fat geometric realization of a simplicial space X m is by definition the fat 
geometric realization of i*X,, which we will also denote by ||X|L More concretely, 
the fat geometric realization of a simplicial space X . is the same as the ordinary 
geometric realization |X|, except one does not quotient out 

H m x a" 

n 

by the relations induced by the degeneracy maps. 

We begin by recalling a point-set theoretic definition from Appendix A of [11]: 

Definition 3.2. An embedding 7 4 2 of topological spaces is said to be rela¬ 
tively T1 if for any open subset U C Y, and any point z £ Z\U, there is an open 
subset W C Z such that z and U C W. 

Proposition 3.3. (Lemma A.2 of [11],) If 


X x dX n -> Y 


X x A”-> Z 

is a pushout diagram in Top, then the embedding Y Z is relatively T 1. 

We will need two lemmas, ft seems that they are folklore in some circles, however 
we found that their complete proofs, without making any topological assumptions 
such as being Tl, to be worthy of a careful treatment. The outline of the proof of 
both we learned from Danny Stevenson, and we also use many ideas from Appendix 
A of [11], 

Lemma 3.2. If f : X , —> Y # is a, map of (semi-)simplicial spaces which is a 
degree-wise weak homotopy equivalence, then the induced map 

iimi^imi 


is a weak homotopy equivalence. 
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Proof. Given a simplicial space X, there is a filtration 

ll-X'H = coliip. sk„ ||Xj|, 

n 

where the n-skeleta sk n ||X|| are defined inductively as the pushouts 


X„ x dA ,] 


X n x A" 


-A sk„_i ||X|| 


-¥ sk„ 


X||. 


The map X n x dA n c —> X n x A n may fail to be a Serre cofibration, but is a 
closed Hurewicz cofibration. Closed Hurewicz cofibration are the cofibrations with 
respect to the Strpm model structure on Top (c.f. [28]). In this model structure, 
every topological space is cofibrant, from which it follows that the Strpm model 
structure is left proper, and hence each map 

sk„_i |]X|| sk„ ||X|| 
is again a Strpm cofibration. It follows that 

||X|| = colirp sk„ ||X|| 

is a homotopy colimit with respect to the Strpm model structure, and hence also 
with respect to the standard Quillen model structure by Lemma A.7 of [ 11 ]. Sim¬ 
ilarly the above pushout diagram defining sk„||X|| is also a homotopy pushout 
diagram with respect to the Quillen model structure. 

We now make two observations: 

1) Any map from a sphere S n or disk D n+1 into ||X|| must factor through at 
a finite stage of the filtration by skeleta. 

2) Each induced map 

sk„_i 11 AT 11 -A sk„ ||X|| 
induces an isomorphism on 77 for i < n. 

The first observation is mostly standard, however the usual argument usually as¬ 
sumes that each stratum of the filtration is a Tl-space, however, one actually only 
needs that the inclusion of each stratum is relatively T1 in the sense of Defini¬ 
tion 3.2, which follows from Lemma A.2 of [11]; see Lemma A.3 of [11] for details. 
The second observation follows immediately from the fact that for all n, we have a 
canonical identification 


sk n ||X||/sk„_;L ||X|| = TPX n , 

which is an (n — l)-connected space. 

We now claim that for all n, the induced map 

j n :sk n \\X\\^\\X\\ 

induces an isomorphism on ni for i < n. To see that the map is surjective, let 
[ 7 ] E 7 Tj (||X||), and consider a map 

/ = ^-> 11*11 

such that [/] = [ 7 ]. Then / must factor through an inclusion of the form 

skfc||X||-H|X|| 
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for some k. If k > n then it follows by induction from 2) above, that 

sk„ ||*| ^ sk fe Ill'll 

induces an isomorphism on 7q, and hence / is homotopic to a map factoring through 
the inclusion j n . To see that the map is injective, suppose that 

[a] e 7 Ti (sk„ ||*||) 

and 

(in)* ([a]) = o. 

Ot 

This means that the map S l —> sk n ||*|| - > ||*|| extends to a continuous 

map a : D l+1 —x ||*||. The map a must factor through an inclusion of the form 

sk fe ||*||^||*|| 

for some k. If k < n, then it follows that a is null-homotopic, and if k > n it follows 
that [a] = 0, where 

jn,k ■ sk n ||*|| ^ sk fc ||*|| 

is the canonical inclusion. By 2), ( j n ,k )* is an isomorphism, so we must have [a] = 0. 
From the above, it follows that to show that the map 

ll/ll : l|*||-Him 

is a weak homotopy equivalence, it suffices to show that for all n, the induced map 

sk n ||*|| ^sk„||y|! 

is a weak homotopy equivalence. We will prove this by induction on n. Since 
sk 0 ||*|| = *o, this establishes the base case of our induction. Now suppose that 

sk n _i ||*|| -^ sk„_i ||F|| 

is a weak homotopy equivalence. We have a map of spans which consists of weak 
homotopy equivalences: 

*„xA"- - X n xdA n ->sk„_i ||*|| 

Y n x A” 4-x dA n -> sk„_! ||Y||, 

from which it follows that the induced map between their homotopy pushouts is 
a weak equivalence, and since their homotopy pushouts are given by sk„ ||*|| and 
sk„ ||Y|| respectively, this establishes our claim. 

□ 

Lemma 3.3. If X, : A op —X Top is any simplicial space then ||*|| is the homotopy 
colimit of *.. 

Proof. Consider the simplicial space Y. defined by 

Y n = | Sing (*n) |, 
together with the canonical map 

e : Y. -> *. 
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which is degree-wise a weak homotopy equivalence by construction. It follows that 
the induced map 

hocolim Y. —> hocolim X. 

is a weak homotopy equivalence. Notice that the geometric realization functor 

| • | : Set A —>• Top 

is left Quillen with respect to the standard Quillen model structure on both sides, 
hence preserves homotopy colimits. It follows that 

hocolim Y. ~ | hocolim Sing (X.) |. 

Since the homotopy colimit of a simplicial diagram of simplicial sets can be com¬ 
puted as the diagonal of the resulting bisimplicial set, we have 

hocolim Sing (X.) ~ diag (Sing (X.) # ) 
from which it follows that 


hocolim Y. ~ | diag (Sing (X.).) | = | (| Sing (X.).) |, 
where the isomorphism follows from the Eilenberg-Zilber theorem. 

Note that CW-complexes are locally equi-connected and by Lemma 3.1 a) of 
[18], inclusions of retracts of locally equi-connected spaces are closed cofibrations, 
so it follows that the simplicial space Y. = | Sing (X.) | is good in the sense of 
Appendix A of [26]. It follows now from Proposition A.l (iv) of the same appendix 
that the induced map 

||Y||^|Y| = |(|Sing(X.).)| 

is a weak homotopy equivalence. Hence, ||Y|| is also the homotopy colimit of Y.. 
Finally, since the map 

e : Y, X. 

is degree-wise a weak homotopy equivalence, by Lemma 3.2, the induced map 

is a weak homotopy equivalence, and thus ||X|| is the homotopy colimit of Y., and 
hence of X., as desired. □ 

Theorem 3.4. Suppose that X. : A op —> Mfd is a simplicial manifold and let 
[X.] := colim X., where X. is defined as the composite 

A op -—-> Mfd 4 Sh^ ( Mfd) ~ Sh^ (Mfd). 

Then 

n. [x.]~MI|x||), 

where h : Top — > Gpd^ is the functor from Lemma 3.1. 

Proof. By Remark 3.1, the functor h sends homotopy colimits to colimits, hence 
from Lemma 3.3 and Proposition 3.2, it follows that 


~ colim (...h(X 2 ) 4MXi) h (X 0 )) 

- colim (... noo (x 2 ) ^ n m (Xi) 4 (x 0 )) 

^ noo[x.], 


h(\\X\\) 






ON THE HOMOTOPY TYPE OF HIGHER ORBIFOLDS AND HAEFLIGER CLASSIFYING SPACES 23 


the final equivalence following from the fact that IIoo preserves colimits. □ 

Corollary 3.1. For [S] a differentiable stack, 

IIoo ([3]) ~ h (BS ). 

3.3. Sheaves over The Monoid of Embeddings of R”. Denote by Emb(R ra ) 
the discrete monoid of smooth embeddings of R" into itself. Regarding this monoid 
as a category with one object, there is a canonical functor 

a : Emb (R ra ) -> n-Mfd 

to the category of n-manifolds and local diffeomorphisms, sending the unique object 
to R ra and each embedding to itself, considered as a local diffeomorphism 

R ra ->■ R". 

We can introduce a Grothcndieck pre-topology on the category Emb (R n ) where 
a collection of embeddings 

{ipi : R" R") 

is a cover when the family is jointly surjective. 

Remark 3.2. The Grothendieck topology associated to the above pre-topology is 
not subcanonical. The essential image of 

Emb (R n ) A Psh (Emb (R n )) Sh (Emb (R n )) 

is canonically equivalent to the monoid LocDiff (M n ) of self local diffeomorphisms 
of R n . 

The following theorem is proven in Appendix C: 

Theorem C.3. The canonical functor 

a* : Pshoo {n-Mfd et ^ —> Pshoo (Emb (R ra )) 
restricts to an equivalence of oo-categories 

a* : Shoo ( 'n-Mfd Sh^ (Emb (R n )). 

3.4. The Homotopy Type of Higher Etale Differentiable Stacks. By The¬ 
orem 2.4, for every n-dimensional etale differentiable oo-stack 3F, there exists a 
(unique) oo-stack F on the site of n-manifolds and their local diffeomorphisms such 
that j'C'F ~ SF, where jf is the n-dimensional etale prolongation functor of Defini¬ 
tion 2.22. Since F determines 3F, it is natural to ask if the homotopy type IIoo {3F) 
can be naturally expressed in terms of F. The following result answers this question: 

Theorem 3.5. Suppose that F in Sh^ ^ n-Mfd et ^ is an oo-sheaf on n-manifolds 
and their local diffeomorphisms, and let 3F = jfF be its associated n-dimensional 
etale differentiable oo-stack. Then the oo-groupoid IIoo {3F) can be expressed as the 
colimit of the following composite: 


Emb (R”) op 


> (n-Mfd^ -L 


Gpd^. 
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Proof. Since /" H j*, j" is colimit preserving. Denote by a the oo-sheafification 
functor a : Pshoo (Emb(M n )) —> Shoo (Emb(R n )), i.e. a is the left adjoint to the 
inclusion 

i : Shoo (Emb (R n )) -A Psh^ (Emb (R n )) 

of oo-sheaves on Emb(R") into oo-presheaves on Emb(R™). Finally, denote by ai 
a left adjoint to the equivalence a* of Theorem C.3 (which must exist by Corollary 
5.5.2.9 of [19], and must also be an equivalence). It follows that the following 
composite is a colimit preserving functor: 

Pshoo (Emb (R"j) Shoo (Emb (M")) f Shoo (n-Mfd 6t \ ---> Shoo (M/d) —— > Gpd^. 

Since a\ H a* is an adjoint equivalence, it follows from Remark 3.2 that if 
2 /Emb(R") : Emb (R n ) A Psh^ (Emb (R”)) 

and 

: n-Mfd 6t A Sh^ ( 'n-Mfd 
denote the Yoneda embeddings, that 

oua (j/Emb(K») (M ra )) ~ y et (R n ), 

and hence 

Roo 0" (oi\ (a {y (R"))))) =* n 00 (j,"(i/"(K n ))) 

- n oo (y(R")) 

~ /i(R n )~*. 

In other words, the composite 

IIoo oj” °«! oa OyE mb (K" ) 

Emb (R”) -> Gpd^ 


is the terminal functor, i.e. equivalent to the constant functor 

t : Emb (IT) -A Gpd^ 

with value the contractible oo-groupoid *. By Theorem A.2, this implies that 
IIoo ° j\ ° a< o a ~ Lan yEmb(Rn) (t) 

- colim (•)> 


where 

colim (•) : Psh^ (Emb (R n )) -A Gpd c 
is the functor sending an oo-presheaf 

F : Emb (R n ) op -A Gpd^ 

to its colimit (see Proposition A.2). So finally, we have 

n oo (JT) ~ TiooUrF) 

- no 0 (jfa,a*F) 

- noo (jF a '.a (F o a op )) 
~ colim (F o a op ). 


□ 
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Remark 3.3. Strictly speaking, we do not need to appeal to Theorem C.3, as it 
can be shown quite easily that a* induces an equivalence between the oo-categories 
of hyper sheaves, and one can then appeal to the fact that Shoo (n-Mfd et ^J is hy- 

percomplete ([9], Theorem 5.3.6), and then replace the role of a with the hyper- 
sheafification functor. However, we do not find this as elegant, and we find Theorem 
C.3 interesting in its own right. 

At this point, we wish to remind the reader of a certain categorical construction: 


Definition 3.3. Let F : “if —> Cat be a functor from a small category ‘if to 
the category of small categories. The Grothendieck construction of F is the 
category 



whose objects are pairs (C,X) with C an object of ‘if and X an object in F (C ). 
A morphism from (C,X) to ( D,Y ) is a morphism / : C —> D in together with 
a morphism 

g:F(f) (X)^Y 

in F ( D). Note that there is a canonical functor 


7r f : / F-J-'if. 

.rg 

There is also a contravariant version, namely if F : *if op — > Cat, we can apply the 
Grothendieck construction to get a functor 

[ F —>• c €° v , 

and then consider (with slight abuse of notation) the induced functor 


tt f 




which we will also call the Grothendieck construction of F. 


Remark 3.4. There is a slight generalization of the above construction which 
works for weak functors 

F : If Cat, 

rather than than strict functors, that is one which works for morphisms of bicate¬ 
gories, where is regarded as a bicategory whose only 2-morphisms are identities, 
and Cat is the bicategory of small categories, functors, and natural transforma¬ 
tions. The objects and arrows of the category 



are the same as in Definition 3.3, however the coherency data for F is needed to 
define composition in this category. 

We now recall a classical theorem of Thomason: 

Theorem 3.6. (Theorem 1.2 of [29]) 

Let F : to — >■ Cat be a functor from a small category to the category of small 
categories, and consider the composite 

N o F : <€ -> Set A ° P . 
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i F ) 


Then there is a natural homotopy equivalence of simplicial sets 
hocolim (N o F ) N 

where 

7r F : [ F ->• 

is the Grothendieck construction of F. 


The following is a reformulation in the language of oo-categories: 

Corollary 3.2. Let F : to —»• Cat he a functor from a small category to the 
category of small categories, and consider the composite 

^ A Cat A Top A Gpd^. 

Then the colimit of the above composite is 



In particular, if G : *€ —>• Set is any functor, then the colimit of the composite 

^ASet^Gpd^. 

can be identified with 



As an immediate consequence of Corollary 2.1, Theorem 3.5 and Corollary 3.2 
we get another proof of a celebrated theorem of Segal: 

Theorem 3.7. (Proposition 1.3 of [27]) 

Let T n be the n-dimensional Haefliger groupoid of Example 2.6. Then there is a 
weak homotopy equivalence between classifying spaces: 

B (Emb (R n )) ->• BT n . 

Proof. Consider the n th Haefliger stack H„ = [T n ] . On one hand, by Corollary 3.1, 
we have that 

Uoo (H„) ~ h ( BT n ). 

On the other hand, by Corollary 2.1, we have that 

In - (1) , 

where 1 is the terminal object of Shoo (^n-Mfd et ^j . By Theorem 3.5, it follows that 
IIoo (j" (1)) is the colimit of the constant functor 

Emb (R”) op -> Gpd^ 

with value the terminal object. By Corollary 3.2, we have that this colimit may be 
expressed as the oo-groupoid associated to the classifying space of 

J 1 £* Emb (R") op . 

Emb(R”)“ p 

For any small category ^, there is a canonical homeomorphism 

B= Btf op , 
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so it follows that IIoo ( j , n (1)) is equivalent to h (B (Emb (R”))), and we conclude 
that h (£?r n ) and h (B (Emb (R"))) are equivalent in the oo-category of oo-groupoids, 
so in particular, B (Emb (R”)) and BT n are isomorphic in the homotopy category 
of spaces. Since B (Emb (R 11 )) is the geometric realization of a simplicial set, it is a 
CW-complex, and hence cofibrant, so there must exist a weak homotopy equivalence 

B (Emb (R")) BT n 

exhibiting the desired equivalence. □ 


Theorem 3.8. Let Sp 2 n denote the following category. The objects consist of 
symplectic forms uj on R 2n . An arrow w —> u>' between two such symplectic forms 
is an embedding 

p : R 2n c —^ R 2 " 

such that p*u / = ui. Then there is a weak homotopy equivalence between classifying 
spaces: 

B ( Sp 2n ) -»■ BT S 2 P, 

where is the Lie groupoid from Example 2. 7. 


Proof. The category Sp 2n is easily seen to be the Grothendieck construction of 
the functor § 2 n|Emb(R 2 ")j where § 2n is the functor on 2 n-Mfd et sending every 271- 
manifold M to its set of symplectic forms. By Example 2.10, we have that 


j\ U (§ 2 „) 


pSp 
1 2 n 


By Theorem 3.5, it follows that IIoo (j? n (S 271 )) is the colimit of the functor 
S2n|Emb(R 2 ") : Emb (R 2 ' 1 ) P Gpd^. 

By Corollary 3.2, we have that this colimit may be expressed as the oo-groupoid 
associated to the classifying space of the Grothendieck construction of S 2 n|Emb(R 2n )> 
i.e. as h ( B ( Sp 2n )) ■ The rest of the proof is analogous to that of Theorem 3.7. □ 


Theorem 3.9. Let 'Riem n denote the following category. The objects consist of 
Riemannian metrics g on R”. An arrow g —» g' between two such metrics is an 
embedding 

p : R n ^ R n 

such that p*g' = g. Then there is a weak homotopy equivalence between classifying 
spaces: 

B ( Jiiem n ) —> B^RT n , 

where Dir" is the Lie groupoid from Example 2.8. 

Proof. The proof is completely analogous to that of Theorem 3.8 with the role of 
Example 2.10 played by Example 2.11. □ 


We have the following generalization of Thomason’s theorem proven by Lurie: 
Theorem 3.10. (Corollary 3.3. j.6 of [19]) 

Let F : —> Gpd^ be a functor from a small oo-category to to the oo-category of 

oo-groupoids. Denote by 


7r F : / F 




28 


DAVID CARCHEDI 


the left fibration classified by F (the oo-analogue of the Grothendieck construction). 
Then the colimit of F can be identified with 


F 


where we have regarded j^F as a quasi-category, hence a simplicial set. 

Corollary 3.3. If F —> Gpd is a weak functor from a small category 'F to the 
bicategory of groupoids, functors, and natural transformations, then the homotopy 
colimit of the composite 

F '■ ( ^nrl c—^ 


IS 


Gpd ■=—> Gpd 0 
h[Bl I F 


Proof. By Prop 2.1.1.3, the left fibration classified by the above composite is the 
nerve of the Grothendieck construction: 


N 


N(F). 


The result now follows from Theorem 3.10. □ 

Corollary 3.4. Suppose that F in Shoo (^n-Mfd et ^J is an oo-sheaf on n-manifolds 
and their local diffeomorphisms, and let SF = jfF be its associated n-dimensional 
etale differentiable oo-stack. Then IIoo (SF) is equivalent to the oo-groupoid associ¬ 
ated to the geometric realization of the underlying simplicial set of 

Emb(K n ) 


i.e. 


I a*F 

y Emb(l“) 

Proof. This is an immediate corollary of Theorem 3.5 and Corollary 3.4. □ 

Corollary 3.5. Suppose that F in St (ji-Mfd et ^J is a stack of groupoids on n- 
manifolds and their local diffeomorphisms, and let SF = jfF be its associated 
n-dimensional etale differentiable stack. Then IIoo {3F) is equivalent to the oo- 
groupoid associated to the classifying space of the Grothendieck construction 

H 

Emb(R n ) 


/ 


/ 


B 


\ 


Ja *F 

\Emb(R n ) 

Proof. This follows immediately from Corollary 3.4 and Corollary 3.3. 


□ 
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4. The Homotopy Type of Almost Free Global Quotients 

If G d T is a continuous action of a topological group G on a topological space 
T, then we can model the homotopy quotient Tq by the Borel construction: 

Definition 4.1. Let BG be a classifying space for G (e.g. BG = ||7V (G) ||) and let 
EG —f BG be a universal principal G-bundle (e.g. EG = ||-/V(G x G) ||), then the 
Borel construction of G d T is the quotient of X x EG by the diagonal action 
of G, and is denoted byl xg EG. 

Remark 4.1. In general, the Borel construction, as a topological space, depends 
on the choice of classifying space and universal bundle, however as a weak homotopy 
type, it is well defined. 

Going to the smooth setting, let G d M be a smooth almost free action of a Lie 
group. (Recall that an almost free action is one for which each stabilizer group G x 
is discrete). Then by Example 2.5 and Proposition 2.1, we have that 

M//G := [G k M] 

is an etale differentiable stack of dimension 

dim M//G = dim M - dimG. 

Remark 4.2. If G is compact, then M//G is moreover an orbifold. In fact, every 
effective (aka reduced) orbifold 3F is of this form, where M can be taken to be 
the orthonormal frame bundle with respect to a Ricmannian metric g on 3F (this 
frame bundle turns out to be a manifold) and where G can be taken to be O (n), 
where n is the dimension of 3F [24]. 

The following result was proven by Schrieber for arbitrary Lie group actions: 
Proposition 4.1. For G a Lie group acting smoothly on a manifold M, one has 

IRo ( M//G)~h(M x g EG ), 
where M xq EG is the Borel construction. 

Proof. This follows from Propositions 4.3.32 and 4.4.13 of [25]. □ 

In other words, the weak homotopy type of M//G agrees with the homotopy 
quotient of M by G. In this section, we will show that when the action is al¬ 
most free, there is another natural description of the homotopy quotient which is 
more geometric in nature. More precisely, we will construct a natural category of 
geometric data whose classifying space has the same homotopy type as M x q EG. 
The category is as follows: 

Definition 4.2. Let G be a Lie group of dimension k and let M be a smooth 
(n + fc)-manifold equipped with an almost free G-action. Define the Borel cate¬ 
gory of G d M, denoted as ©or (G d M), to be the following category. The objects 
consist of smooth maps 

/ : R™ —>• M 

which are transverse to all the G-orbits. An arrow from / to f consists of a pair 
(:/?, t) with 


an embedding, and with 


T : IT G 
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a smooth map such that for all x € M n we have 

f(x) =t(x) -f'(ip(x)). 

Composition 

(v< T ) ( V '’ T ') 


f 




+ /" 


is defined as follows: 

(tp\ T ') o (ip, t) := (v?V, C (r, r', </?)) 

where 

c(t,t',<p) : R" -X G 

X I-A T (x) • T 1 (ifi (x)) . 

The main goal of this section is to prove the following theorem: 


Theorem 4.1. Let G be a Lie group of dimension k and let M be a smooth (n + k)- 
manifold equipped with an almost free G-action. Then 

IIoo (MUG) ~h(B (*Bor (G <* M))). 

In particular, B (Q3or (G d M)) has the same weak homotopy type as M Xg EG. 

The main idea is as follows: The etale differentiable stack M//G is n-dimensional, 
so there exists a stack on the site n-Mfd et of smooth n-manifolds and their local 
diffeomorphisms, such that 

3? m - mug. 

In fact, by Theorem 2.6, is the stack which assigns to each n-manifold N the 
groupoid of local diffeomorphisms N — > M//G. After getting a good understanding 
of this stack, we can apply Corollary 3.4 to compute its homotopy type. 


Proposition 4.2. Let 3L be the stack which assigns to each n-manifold N the 
groupoid of local diffeomorphisms N —> Mj/G, then it can be described concretely 
as follows: The objects of (N) are principal G-bundles P ^ N together with 
an equivariant local diffeomorphism P —X M. The arrows are maps of principal 
G-bundles over N which commute over M. 


Proof. It is standard that M//G (N) can be described as the groupoid of principal 
G-bundles P —X JV together with an equivariant map P —X M, but we will explain 
this fact for the reader’s convenience. Firstly, notice that the source map of the 
action groupoid G x M is simply projection onto M, so one sees directly that a 
G k M-manifold E (Definition B.l) is the same as a G-manifold equipped with an 
equivariant map E — x M, where the equivariant map in question is the moment 
map. By a similar argument, one sees that a principal G k M-bundle over N 
(Definition B.2) is the same as a principal G-bundle P —> N equipped with a G- 
equivariant map P —> M. Finally, Corollary B.l tells us that the groupoid of such 
principal G x M-bundles over N is equivalent to M//G (N). By the same corollary, 
if / : N —> M/ /G, then we have a pullback diagram 

P -- —>M 

TV 

N —-—> M//G, 
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so if / is a local diffeomorphism, so is p. Conversely, if p is a local diffeomorphism, 
observe that the morphism / is induced by a morphism of Lie groupoids 

Pair (tt) —> G x M 

(see Example 2.3) which is p on objects, and hence / is also a local diffeomorphism, 
by Remark 2.13. □ 

Lemma 4.2. Suppose that p : G x M —>• M is a smooth action of a Lie group and 
that f : N —>• M is a smooth map. Then the composite 

idxf „ 

GxN -> Gx¥AM 

is a submersion if and only if f is transverse to all the G-orbits of M. 

Proof. Note that any tangent vector V £ T g G is of the form g ■ X = T e ( L g ) (X) 
for a unique X £ g, where 

L g : G G 

is left-multiplication. Consider the smooth map 

L a xid p 

G x M —--Mb' x M--- -M 

(e, x) i-» ( 5 , x) \ -> g ■ x. 

By the chain rule we have 

(1) T { e,x) (P 0 {L g x id)) (X, 0) = T (s>x) (p) (T^ x) ( L g x id) (X, 0)) = T^ g x ) (p) {{gX, 0)). 
Consider the curve 

7 (t) = {e tx ,x) 

through (e, x) in G x M, where e tx is the exponential map of the Lie group applied 
to X. The tangent vector of this curve at (e, x) is (X, 0). Notice that we have that 

P o {L g x id) (7 (f)) = g ■ e tx ■ x 

= (ffe^p -1 ) • gx 

= e tAd ^W-gx, 

where Ad denotes the adjoint action of G on g, from which it follows that 
^ (P 0 i L g x id) (7 (*))) = Ad (, g ) (X) gx = T {e<x) {p o {L g x id)) (X, 0), 
where we have used the induced infinitesimal action of the Lie algebra 

p* ; Q —x X {XI) 

Y Y. 

From equation (1), it follows that 

L(g,x) (p) {gX, 0) = Ad{g){X) gx . 

Now let Y £ T x {M ), and suppose that s (t) is a curve in M such that s (0) = x 
and whose tangent vector at x is Y. Let 

s(t) = (9,s(t)) ■ 

Then 

p{s{t)) = g-s{t) 
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so it follows that 

T [g , x) (p) ( 0 ,Y) = T x (p g )(Y), 

where 

Pg = P(9, ') : M - 1 -» M - 

So by the chain rule and linearity we have that for p £ N, Z £ T p N and I e g 
that: 

T ( g , P ) {p ° {id x /)) (gX, Z ) = Ad(g)(X) gm + T f{p) ( p g ) (T p (/) (Z )). 

Now for any point x £ M, if 0^ denotes its G-orbit, then we have 

T X {0 X ) = {XclXeg}, 

and since 

Ad {g) : g g 

is an isomorphism of vector spaces, it follows that 


(2) Im (T(g iP) (p o (id x /))) = T gf{p) (0 /(p) ) + T f(p) (p g ) (Im (T p (/))). 

When g = e this simplifies to 

Im ( T (e, P ) (P ° (id x /))) = T f{p) (0/( p) ) + Im (T p (/)). 

So by definition, we see that / is transverse to all the G-orbits if and only if 
p o (id x /) is a submersion at all points of the form (e, x). 

Clearly, if p o (id x /) is a submersion, then it is a submersion at (e, x) for all x. 
We will complete our proof by showing the converse. Suppose that p o (id x /) is a 
submersion at (e, x). We will show that p o (id x /) is also a submersion at ( g , x). 
Let W £ T g fugM, then we have that 

p g : M ---» M, 

so that 

■Tf(p) (Pa) • Tf( P )M > Tgf(p)M, 

and hence 

^ = 7> (p) (p 5 ) (y), 

for a unique V" G Tf^M = T e .^ p) M. Since p o (id x /) is a submersion at (e,x), 
this y can be expressed as 

V = Z + T p (f) (Y ) 

with y £ T p N and Z £ Tf( P )0f( P ), and so 

w = T fip) ( Pg) (z ) + T f(p) ( Pg ) ((T p (/) (F))). 

Notice that since p g preserves G-orbits, we must have 

■Tt(p) {Pg) {^) € 

and hence by (2), W is in the image of T( g , p ) (p o (id x f)). □ 


Proof of Theorem 4.1: 
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Proof. Let be the stack of groupoids from Proposition 4.2. Then by Theorem 
2.6, jf 3? ~ M//G and so by Corollary 3.5, we have that 


IIoo (M//G) ~ h 

( 

B 

/ \ 

f a* 

) 


V 

*J 

\Emb(R n ) / 

) 


We will now show that we have an equivalence of categories 


Sor (G d M) ~ Ja*3T. 

Emb(I”) 

By Proposition 4.2, it follows that the above Grothendieck construction can be 
described as the category whose objects are pairs (P, ip) with P —>• K™ a principal 
G-bundle and ip : P —>• M a G-equivariant local diffeomorphism. A morphism 

(P,if) ^ (P',if') 

between such pairs is a pair (tp, 9) consisting of an embedding 


p : R n -4 R ra 


and an isomorphism 


9 : P p*P' 

of principal G-bundles over R n such that the composite 


P -> p*P' P' -> M 

is ip. Note that a more natural description of the morphisms 

(P,iP)^(P',iP') 

is that such a morphism is pair (jp, a ), where 

p:R n ^W 1 


is an embedding and a is a morphism of principal G-bundles over p such that the 
following diagram commutes: 


(3) 



Every principal G-bundle over R" is trivializable, so for every pair (P, ip ), we 
can find 

9 : G x R” ---> P 

an isomorphism of principal G-bundles over R", and hence we have an isomorphism 
(id, 9) : (G x R", ifo9) ---> (P, if). 

It follows that we can restrict to the full subcategory on those objects of the form 
(G x R n ,ip), i.e. those objects ( P,ip ), with P = G x R" the trivial principal G- 
bundle, and end up with an equivalent category. Lets denote this full subcategory 
of by 
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Observe that there is natural bijection between smooth maps / : R" — > M and 
G-equivariant maps G x R" — > M given by the assignment 

idxf n 

/ i-a g x r-> Gxi Am, 

where p : GxM -A M is the G-action. Since dim (G x R”) = dim (M) , the compos¬ 
ite po(id x /) is a local diffeomorphism if and only if it is a submersion, so it follows 
from Lemma 4.2 that the above bijection restricts to a bijection between smooth 
maps / : M —» R" which are transverse to all the G-orbits and G-equivariant local 
diffeomorphisms G x R n — > M. Hence the objects of can be taken to be mor- 
phisms / : R n -A M which are transverse to all the G-orbits. For such a smooth 
map /, denote by / the associated G-equivariant local diffeomorphism po (id x /). 

Observe furthermore that there is a natural identification 


C°° (R n , G) S Honv (G x R", G x R”), 

where the right hand side is the set of morphisms of principal G-bundles which 
induce the embedding ip on the base R”, given by the assignment 

G°° (R”, G) Hom v (G xR",Gx R") 

r f : (g,x) (gr (x) , <p (x)) . 

If / and /' are smooth maps R n —> M which are transverse to the G-orbits, and / 
and /' are the induced G-equivariant local diffeomorphisms 

G x R" 4 M, 

for a fixed : R" R™, a given r : R" — > G has the property that the pair (<p, t) 
is a morphism ^G x R", /) —>• ^G x R™, f'^j in S 1 (as in (3)) if and only if, for all 
x e R”, 

(4) t (x) f (<p (x)) = f (x). 

So we have seen that we can identify the objects of 3> with smooth maps 

/ : R n -A M 

which are transverse to all the G-orbits, and can identify morphisms / —> f between 
two smooth maps as pairs (ip, r) with ip : R" °-> R" a smooth embedding and 
r : R” —> G such that for all x £ R”, equation (4) holds. Suppose now that we 
have two composable pairs of arrows in 


Then since we have 


G x R” - i -r GxR" 


iGxR" 


(g, x ) i-- (gr (x) , ip (x)) 1-> (gr (x) t' (ip' (x)) , ip'ip (x )), 

it follows that 

(ip', f) o (ip, f) = (ip'ip, c (t, t', ip)} , 

where 

c (t, t, ip) (x) = t ( x) t' (ip (x)). 









ON THE HOMOTOPY TYPE OF HIGHER ORBIFOLDS AND HAEFLIGER CLASSIFYING SPACES 35 


From Definition 4.2, it follows that is canonically isomorphic to the Borcl category 
tBor (G d M). Since the canonical inclusion 


y) ja J 

Emb(M“) 

is an equivalence of categories, it follows that there is an induced homotopy equiv¬ 
alence 

/ 

B (*Bor (G d M)) -x B 

so finally 

h (B (fBor (G d M))) --- >h B 


/« 


a* 2? | , 


V 


ja*2T | | j-IIoo (M//G). 

\Emb(R") 


□ 


Remark 4.3. If a particular model for the Borel construction M Xq EG has the 
homotopy type of a GIF-complex, which is the case e.g. if M is 2 nd countable 
and Hausdorff and one uses a model for EG as a G-CW-complex, or if one uses 
||7V(G x M) || for M Xg EG , then it follows by Whitehead’s theorem that there is 
in fact a homotopy equivalence 

B (<8or (G d M)) -x M x G EG. 


Appendix A. A Brief Introduction to oo-Categories. 

In this appendix, we will try to provide enough information (some of which 
will heuristic) for the reader unfamiliar with higher category theory to read the 
main body of this article. Those readers who already have a background in higher 
category theory are encouraged to only glance through this appendix to become 
familiar with notational conventions. 

A.l. oo-Groupoids and the Homotopy Hypothesis. A groupoid is a category 
in which every arrow is an isomorphism. As a special case, any group G determines 
a groupoid with precisely one object x such that Horn (x, x) = G. One categorical 
dimension higher, a 2-groupoid is a weak 2-category, or bicategory, in which every 
2-morphism is an isomorphism and every 1-morphism is an equivalence. Recall that 
an arrow / : x —x y in a bicategory is an equivalence if there exists another arrow 
g : y —X / and invertible 2-morphisms a : f o g =>• id y and /5:jo/=> id x . (Notice 
the similarity between the notion of an equivalence and the notion of a homotopy 
equivalence). 

For simplicity, let us assume that all topological spaces we speak of have the 
homotopy type of a GW-complex. Given a topological space X, one has associated 
to it a canonical groupoid- its fundamental groupoid IRA. The objects of IRX 
consist of the points of X and the arrows are given by homotopy classes of paths 
between points. If X does not have any higher homotopy groups besides its fun¬ 
damental group- making X a so-called 1-type- then the groupoid IRX contains all 
the homotopical information about X. More precisely, the classifying space Bill X 
is naturally homotopy equivalent to X. More generally, if 9 is any groupoid, its 
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classifying space B S has no higher homotopy groups besides its fundamental group. 
A special case of this is if G is a group, then BG is a AT (G, 1), and we see that 
G may be recovered as the fundamental group of BG. This generalizes to the fact 
that the fundamental groupoid of B 9 is equivalent to S. These facts can be used 
to establish an equivalence of bicategories between, on one hand the bicategory of 
(small) groupoids, functors, and natural transformations, and on the other hand, 
the bicategory of 1-types, continuous maps, and homotopy classes of homotopies. 
(Notice that two 1-types are equivalent in this bicategory if they are homotopy 
equivalent.) Roughly speaking, one has that groupoids and 1-types are the same 
thing. 

A 2 -type is a topological space A such that 7q ( X ) = 0 for all i > 2. A similar 
construction yields an equivalence between the tricategory of (weak) 2-groupoids 
and the tricategory of 2-types, continuous maps, homotopies, and homotopy classes 
of homotopies between homotopies. Roughly speaking, 2-groupoids are the same 
as 2-types. 

A n-type is a topological space X such that 7r i(X) =0 for all i > n. The Ho¬ 
motopy Hypothesis, roughly speaking, says that for any n, (weak) n-groupoids 
and n-types are the same thing. (Depending on the model of n-groupoids used, the 
Homotopy Hypothesis is either a theorem, or is true by definition.) The Homo¬ 
topy Hypothesis holds in particular for n = oo so that an oo-groupoid is the same 
thing as an arbitrary homotopy type. The idea behind this is as follows: An oo- 
groupoid should have objects, arrows, 2-arrows, 3-arrows, ad infinitum, and all the 
arrows, 2-arrows, 3-arrows etc. should be equivalences. This means for instance, 
that the arrows should be invertible up to 2-morphisms which are invertible up to 
3-morphisms, which are invertible up to 4-morphisms... Given a topological space 
A, one can construct such an oo-groupoid- its fundamental oo-groupoid Hoc A. The 
objects are the points of x, the arrows are paths between points, the 2-arrows are 
homotopies between paths, the 3-arrows are homotopies between homotopies and 
so on. The Homotopy Hypothesis states that, up to equivalence, all oo-groupoids 
arise in this way. 

A.2. oo-Categories. Roughly speaking, an oo-category is a higher category “if 
which has objects, arrows between these objects, 2-arrows between these arrows, 
3-arrows between these 2-arrows etc. such that all fc-arrows for k > 1 are equiva¬ 
lences. 1 Another way of saying this is that for any two objects A and Y, Hom^ (A, Y ) 
should be an oo-groupoid. 

Invoking the homotopy hypothesis, one way of describing oo-categories is by 
categories enriched in spaces. (However there are many equivalent ways of modeling 
oo-categories, see for instance [3, 2] and Chapter 1.1 of [19]). In other words, one 
can model an oo-category simply by a category f such that for each pair of objects 
A and Y in f, the set Horn (A, Y) has the structure of a topological space, in such 
a way that all the structure maps of the category f (for instance composition) are 
continuous maps of these spaces of arrows. Notice that to such an enriched category 
‘f, by applying 7To to each space of arrows, one gets an ordinary category ho(^). 
A continuous functor F : f —>• ^ between such topologically enriched categories is 


1 More precisely, this is what is called an (oo, l)-category. A general (oo, n)-category satisfies 
the same condition for k > n. 
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said to be an equivalence if it induces an equivalence of categories 

ho («’) -»■ ho (@) 

and if the induced maps on spaces of arrows 

Horn^ (X, Y) ->• Horn® (FX, FY) 

is a weak homotopy equivalence for each X and Y. 

In particular, since associated to any two topological spaces X and Y one has 
the space of maps Map (X, Y) , 2 the collection of all oo-groupoids assembles into an 
oo-category Gpd^. This is often called the oo-category of spaces since the objects 
may equivalently be thought of as homotopy types. For any n, there is also the 
subcategory Gpd n of n-groupoids (or n- types). In particular Gpd^ contains the 
ordinary category of groupoids Gpd as a full subcategory. 

To any Quillen model category M, there is an associated oo-category. This is 
easiest to describe in the case of a simplicial model category, in which case, the 
oo-category associated to M is the topologically enriched category whose objects 
are the objects of M which are both fibrant and cofibrant, and whose spaces 
of arrows are obtained by geometrically realizing each simplicial mapping space 
HomA (X, Y ). When two model categories M and IN' are Quillen equivalent, then 
their associated oo-categories are also equivalent. In particular, the oo-category 
associated to the standard Quillen model structure on simplicial sets is another 
presentation for the oo-category Gpd^, thanks to the celebrated Quillen equiva¬ 
lence: 


(5) Set A ° P — Top 

Sing 

between simplicial sets and topological spaces. 

Remark A.l. Since simplicial sets are another model for oo-groupoids, another 
model for oo-categories is categories enriched in simplicial sets. Using this model, 
the oo-category associated to a simplicial model category M can be expressed more 
naturally: it is the category enriched in simplicial sets whose objects are the objects 
of M which are both fibrant and cofibrant, and whose spaces of arrows are given 
by the simplicial mapping spaces HomA (X, Y). 

There is another powerful framework for modeling oo-categories, and this is 
the framework of quasicategories (aka inner Kan complexes). In this model, an 
oo-category is a simplicial set satisfying certain properties. One of the main 
advantages of this framework is that a large portion of [19] is dedicated to working 
out the higher categorical analogues of much of classical category theory in this 
setting. For instance, there is a good notion of limit and colimit in this context. 
If a diagram in the oo-category of oo-groupoids can be realized as a diagram in 
topological spaces, then its colimit is represented by the homotopy colimit of the 
corresponding diagram of spaces, and similarly if it can be realized as a diagram 
of simplicial sets instead by (5). This is more generally true for diagrams in oo- 
categories associated to model categories. 


2 at least when restricting to compactly generated spaces. 
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A.3. Higher Presheaves. If Y? is an oo-category one can consider the oo-category 
of contravariant functors from Y? to the oo-category of oo-groupoids Gpd^, 

Fun (***, Gpd^) =: Pshoo (Sf), 

called the oo-category of oo-presheaves on . This plays the same role as the 
category of presheaves does for an ordinary category. In particular, there is a 
Yoneda embedding: Given an object X of to : 

y(X) = Hom^ (•, X) 

defines an oo-presheaf on The assignment 

X^y(X) 

extends to a fully faithful functor 

y : °A Pshoo ( < ^ 3 ). 

Lemma A.l. The oo-Yoneda Lemma (Lemma 5.5.2.1 of [19],) If Y? is an 
oo-category with X an object oftf, and 

F : T? op -A Gpd^ 

is an oo-presheaf on then there is a canonical equivalence of oo-groupoids 

Horn (y(X),F)~F(X). 

Since the Yoneda embedding is fully faithful, we will often abuse notation and use 
the same notation C for both the object C in and the object y ( C ) in Pshoo (’if). 
An immediate consequence of the Yoneda lemma is the following basic fact: 

Let F be an oo-presheaf on and let *£/F denote the full subcategory of the 
slice oo-category, Psh^ (ftf) /F consisting of the objects of the form y (X) -A F, 
with X an object of Y?. There is a canonical projection functor 

7r F : tf/F -A V. 

Proposition A.l. F is the colimit of the composite 

tf/F -—-> Sf 4 Pshoo (tf ). 

We often express this by the following informal notation: 

(6) coliip y(X). 

y(X)^F 

If Y? is a small oo-category, the oo-category Pshoo (^) of oo-presheaves satisfies 
an analogous universal property to the category of presheaves on a small category: 

Let ^ be a cocomplete oo-category (meaning it has all small colimits). Suppose 
that 

0 : Pshoo ift?) -A 

is a colimit preserving functor. Then by equation (6), it follows that 

(7) 0 (F) ~ colim 0 (y (X)). 

y(X)^F 

Hence, 0 is determined by the composite 9 := 0 o y : YI — \ <2i. Conversely, given an 
arbitrary functor 


9 : 9 
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one can extend 9 to a colimit preserving functor 

0 : Pshoo (^f) —> 


which is unique with the property that 0 o y ~ 0, and this can be done by the 
formula 

0 (F) = colirp 9 (X). 

y(x)—>F 

The functor 0 is called the left Kan extension of 9 along y is denoted 

0 = Lan y 9. 

In fact, we have the following theorem: 

Theorem A.2. (Theorem 5.1.5.6 of [19],) Let ^ be a small oo-category , then com¬ 
position with the Yoneda embedding 

y ^ Pshoo (^) 

induces an equivalence of oo-categories 

Fun L (Psh^ (tf) , 9) -> Fun (tf, 2>) , 

between the oo-category of colimit preserving functors from Pshoo (%f) to Lfi and the 
oo-category of arbitrary functors from to with inverse given by the functor 
assigning to each functor 9 : —>• £2 its left Kan extension L&n y 9. 

We use the following observation a few times in this paper: 

Remark A.2. Given a colimit preserving functor 0 = Lan y 9 : Pshoo (^) —> S', it 
automatically has a right adjoint R (by Corollary 5.5.2.9 of [19]). By the Yoneda 
lemma, we can determine R explicitly. For D an object of 3) and C an object of 
Y?, we have 

R(D)(C) ~ Horn v(y(C),R(D)) 

- Ho (Q (y (C)) 7 D) 

~ Horn® ( 9 ( C ), D). 

Finally, we have the following proposition: 

Proposition A.2. If t, : Yf —> Gpdoo is the constant functor with value the con¬ 
tractible oo-groupoid *, then 

Lan y ( t) = colim (•), 

i.e. 

Lan y (f) : Pshoo (&) -» Gpd^ 
sends each presheaf F : < £ op —>• Gpd^ to its colimit. 

Proof. Denote by R the right adjoint to Lan a ( t ). Then by the preceding remark, 
we have that for C an object of Y? and X an oo-groupoid that 

R (X) ( C ) ~ Horn (*, X) ~ X, 
so we can identify R (X) with the constant functor 

A.y : -A Gpdoo 

with value X. Since Lan y (t) H R, we have that for F an oo-presheaf and X an 
oo-groupoid, 

Horn (Lan y (t) (F) , X) ~ Horn (F, A a -) , 
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i.e. maps out of Lan y (t) ( F ) are the same as cocones for F with vertex X 

F => Ax, 

which by definition means that Lan y (t) ( F ) = colim F. □ 

A.4. Stacks. 


Definition A.l. Suppose that 3F : Mfd op —>• Gpd^ is an oo-presheaf. We say 
that 3F is an oo-stack (or oo-sheaf) if for any manifold M and any open cover 
( U a M) , the canonical map 


( 8 ) 

n X ( u a ) 4[]r(t/ a n^) ^ n x (u a n u p n c/ 7 )... 

<y ct,/3 a, (3, 7 

is an equivalence of oo-groupoids, where the above diagram is the entire cosimplicial 
diagram, with terms involving n-fold intersections of elements of the cover for all 
n. Denote the full subcategory of Psh^ (M/d) on the oo-stacks by Sh^ (M/d). The 
canonical inclusion 

Shoo (M/d) Pshoo (M/d) 

admits a left adjoint a called the oo-stackification functor, and a preserve finite 
limits. 


3F (M) —>• Hm 


Proposition A.3. One can define oo-stacks over Mfd in a completely analo¬ 
gous way, and there is a canonical equivalence of oo-categories Sh 0 
Shoo (Mfd). 


Proof. By the Comparison Lemma of [f] III, one has a canonical equivalence be¬ 
tween categories of sheaves of sets 

Sh (M/d) ~Sh (M/d) . 

Since every manifold is locally of finite covering dimension, it follows readily that 
both of the oo-topoi in question are hypercomplete. The result now follows by 
noticing that the Comparison Lemma induces an equivalence 

Op 

Sh (Mfd) A ° P ~Sh (Mfd) 


between simplicial sheaves, and invoking Theorem 5 of [16] and Proposition 6.5.2.14 
of [19]. □ 


Remark A.3. Any oo-presheaf can be modeled by an ordinary functor 

X : Mfd op —> Set A ° P 

from (the opposite of) the category of manifolds to the category of simplicial sets, 
such that each simplicial set X ( M ) is a Kan complex. Such an X models an oo- 
sheaf if (8) is a weak equivalence of simplicial sets, where the limit is taken to be a 
homotopy limit. 
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Definition A.2. Denote by Pshi ( Mfd) the bicategory of (possibly weak) 2-functors 

X : Mfd op ->• Gpd 

from (the opposite of) the category Mfd into the bicategory of (essentially small) 
groupoids. This is a full subcategory of the oo-category Pshoo (Mfd) . Such a functor 
Stf is a stack if the composite 

SC 

Mfd op -> Gpd -4 Gpd^ 

is an oo-stack. This is equivalent to demanding that for any manifold M and any 
open cover (U a °4- M) , the canonical map 


(9) X (M) -4 ^im 


n x i u «) 4 n x ( u <* n Up) ^ n x (u a nu p n eg 

ot a,(3 


is an equivalence of groupoids, where the limit is a bicategorical limit, or homo- 
topy limit, in the bicategory Gpd of groupoids. Notice that unlike (8), the above 
diagram stops at 3-fold intersections. One could use the entire untruncated cosim- 
plicial diagram used in (8), however, in the case of groupoids, this would result 
in the same limit. Denote the full subcategory of Pshi (Mfd) on the stacks by 
St (Mfd). The canonical inclusion 


St (Mfd) ^4 Pshi (Mfd) 


admits a left adjoint a called the stackiflcation functor, and a preserve finite 
limits. 


Remark A.4. The canonical equivalence Shoo 


~ Shoo (Mfd) restricts to an 


equivalence St (Mfdj ~ St (Mfd) as any equivalence of oo-categories induces an 
equivalence on the associated subcategories of 1-truncated objects. 


Remark A.5. There is no real danger in denoting both the stackification and oo- 
stackification functor by a as by Proposition 5.5.6.16 of [19], the following diagram 
commutes: 


Pshi (Mfd) ^—v St (Mfd) 


Pshoo (Mfd) —>■ Shoo (Mfd). 

Let S be a Lie groupoid. Then 9 determines a weak presheaf of groupoids on 
Mfd by the rule 


M I—)• HoniLieGpd (M id ,9), 

This defines a 2-functor y : LieGpd —> Pshi (Mfd) and we have the obvious com¬ 
mutative diagram 


Mfd - — Psh (Mfd) 


( .)M> 


(■ 


LieGpd-^4 Pshi (Mfd ), 
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where y denotes the Yoneda embedding. 

Remark A. 6. An oo-presheaf SC : Mfd op -A Gpd^ is an oo-stack (or oo-sheaf) 
if and only if for every manifold M and every open cover U = ( U a ^A M ), the 
canonical map 

Horn (y (M ), SC) -A Horn (y (Mu ), SC) 

is an equivalence of oo-groupoids. Similarly for stacks of groupoids. That is to say, 
by the Yoneda lemma one has 

Horn (y (M), SC) ~ SC (M) 

and by Remark 2.11, there is a canonical equivalence of oo-groupoids 


Horn (y (Mu ), SC) — lim 


[]J([/ Q ) 4 []J (u a n u 0 ) 3 x ( u <* nu ? n u i) ■ 

Ot Q!,^,7 


Appendix B. Principal Bundles for Lie Groupoids 

Definition B.l. Given a Lie groupoid S, a (left) 9-manifold is a (possibly non- 
Hausdorff or 2" d -countable) manifold E equipped with a moment map y, : E —> So 
and an action map p : Si Xg 0 E -a E, where 

Si x So E - rE 

A 4 

Si--—-So 

is the fibered product, such that the following conditions hold: 

i) (gh) ■ e = g ■ (h ■ e) whenever e is an element of E and g and h elements of 
Si with domains such that the composition makes sense 

ii) l M ( e ) • e = e for all e £ E 

iii) y (g ■ e) = t (g) for all g £ Si and e £ E. 

Definition B.2. A (left) S-bundle over a manifold M is a S-manifold P equipped 
with a S-invariant projection map 

7r : P —y Ad 

which is a surjective submersion. Such a S-bundle is principal if the induced map, 

Si x So P — > P x M P 

is a diffeomorphism. We usually use the notation 

Si a p 



to denote such a principal S-bundle. 

Remark B.l. When S = G is a Lie group, then the above definition agrees with 
the classical definition of a principal G-bundle over M. 
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Definition B.3. Let S and 3~C be two Lie groupoids. A principal 9-bundle over 
‘K is a principal 9-bundle 


Si a p 



over dfoi such that P also has the structure of a right Jf-bundle with moment map 
v, with the 9 and actions commuting in the obvious sense. We typically denote 
such a bundle by 


9i d P 5 JCi 



Given a morphism of stacks [!H] —> [9], there is a pullback diagram 

(10) P ---> So 

V 

Jf 0 -> [J£]-> [9] 

with P a manifold, and P inherits the structure of a principal S-bundle over 3~C. 
Conversely, given a principal S-bundle P over J£, it canonically gives rise to a 
morphism of stacks 

p ■■ m -+ is] 

such that P can be obtained by the pullback diagram (10). In fact, there is a way 
of “composing” a principal X bundle over 9 with a principal df-bundle over 9 to 
produce a principal 3C-bundle over Jf. This gives rise to the structure of a bicategory 
whose objects are Lie groupoids, arrows are principal bundles, and 2-arrows are 
morphisms of principal bundles. This bicategory is canonically equivalent to the 
bicategory of differentiable stacks. See [4] (Theorem 2.18) and [6] (Theorem 1.2.4) 
for more details. 

Corollary B.l. For M a manifold, [9] (AT) is canonically equivalent to the groupoid 
of principal 9 -bundles over M. Moreover, given a morphism p : M —> [9], the prin¬ 
cipal bundle P corresponding to p is obtained as the pullback diagram 

P^^ So 

7T 

M -> [ 9 ]. 


In particular, for G a Lie group, [G *] is the stack of principal G-bundles. 
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Appendix C. Proof of Theorem C.3 
Lemma C.l. The slice oo-topos 

Shoo (Emb (IT)) /ay (IT) 

is canonically equivalent to Shoo (R n ) where y denotes the Yoneda embedding. 

Proof. Denote by Op (R n ) the poset of open subsets of M" and denote by Op (K") / 
the full subcategory on those open subsets that are abstractly diffeomorphic to R ra . 
We claim that the canonical inclusion 

l : Op (R n )' -A Op (IT) 

induces an equivalence 

Shoo (R n ) := Shoo (Op (R n )) -A Shoo (Op (K n )'), 

where we endow Op (R”) / with the Grothcndieck topology generated by good open 
covers. To see this, consider the left Kan extension 

Laiij, (ay o l) : Pshoo (Op (R n )') -t Shoo (Op (IT)). 

It has a right adjoint l* given by composition with l. Notice that l* lands in sheaves 
since l preserves covers. Hence, there is an induced adjunction 

Shoo (Op (R n )') Shoo (Op (R n )) 

l\ 

with l\ H l*. We claim that l* also has a right adjoint Z*. By the Yoneda lemma, if 
there existed such an adjoint, it would have to satisfy 

UF(U) ~ Horn (y (U), l*F) 

- Horn (l*y (U ), F ), 

so such an adjoint exists if and only if each such Z*E is an oo-sheaf. To this end, it 
suffices to show that if (Ui < U) is a cover of U then 

• ■•I \ l *y(Uijk) 3 I Irving 4 IIW) . 

Since both y and l* preserve finite limits, we have that the simplicial diagram 

• ••I \i*y(u ijk ) 3 I l^yiUij) 4 I \ l *y{Ui) 

is the Cech nerve of the morphism 

I 

and hence the above colimit can be identified with a subobject of l*y ([/)- which 
itself is a (—1 (-truncated object. We can therefore compute this colimit in sheaves 
of sets. This amounts to computing it first in presheaves, and then sheafifying. 
Denote this presheaf obtained in this way by Gjj- For V £ Op(K rl ) / , we have 
by general considerations that Gjj (V) is the subset of Hom 0p ( R n) (V, U ) on those 
morphisms / : V —> U which factor through some Ui. Since we are in a poset, there 
is only a morphism V —> U if V C U and if so it is unique, so we have that Gu (V) 
is the singleton set if there exists an i such that V C Ui. The sheafification of Gjj 
with respect to good open covers is easily seen to be l*y(U). It follows that Z*F 
is always a sheaf, and we deduce that l* has a right adjoint, hence preserves all 
colimits. 


l*y ( U ) — colim 
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Now, if V is in Op (M n ) , then we have a canonical equivalence 


l*l,y{V)~y(V). 


Now suppose that U is in Op (R ra ). Then we can choose a good open cover ([/; < U) 
and write 


y ( U) = colim ... II y ( Uijk) 3 I IviUij) 4 I \ym 


and since both l* and l\ preserve colimits, together with the fact that each Ui are 
in Op(R rl ) , we have that 


hi* {y (U)) ~ colim [...[] hl*y (U ijk ) ^ ]J hl*y (U zj ) 4 hl*y ( Ui) 


~ colim 

->• 


•••I \y(U ijk ) ^ Y[y{Uij) 4 I \y{Ui) 


* v(U). 

It follows that the components of the co-unit 

hi* —> id 


and the unit 

id —» l*h 

along representables are equivalences, and hence by Theorem A.2, the co-unit and 
unit are equivalences, and hence l\ H l* is an adjoint equivalence. 

By Proposition 2.2.1 of [9], we have that 

Shoo (Emb (R n )) /ay (IT) ~ Sh^ (Emb (M n ) /R n ). 

There is a canonical fully faithful functor 

Emb (R n ) /R" Op(R")' 

sending an embedding tp : R n c —^ R™ to the open subset tp (R"). If U C R” is an ob¬ 
ject of Op (K") , I then its canonical inclusion U ^ l n is an object of Emb (R n ) /R n , 
hence the above functor is also surjective on objects, and hence an equivalence. 
Therefore we have that 

Shoo (Emb (R n ) /R”) ~ Shoo {Op (R n )') ~ Shoo (R n ). 

□ 


Lemma C.2. The oo-topos Shoo (Emb(R™)) is locally of homotopy dimension < n 
in the sense of Definition 7.2.1.5 of [19]. 

Proof. The image of the composite 

Emb (R n ) A Pshoo (Emb (R n )) -4 Shoo (Emb (R n )) 

is strongly generating, so we conclude in particular that Shoo (Emb (R n )) is gener¬ 
ated under colimits by ay (R"). It therefore suffices to show that the slice oo-topos 

Shoo (Emb (R n )) /ay (R n ) 

is of homotopy dimension < n. However, by Lemma C.l, one has 
Shoo (Emb (R")) /ay (R n ) ~ Shoo (R n ) 

and since R" is a paracompact space of topological covering dimension < n, we are 
done by Theorem 7.2.3.6 of [19]. □ 
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Theorem C.3. The canonical functor 

a* : Pshoo (n-M/d ei ) -A Pshoo (Emb (R™)) 
restricts to an equivalence of oo- categories 

a* : Shoo ( n-Mfd *) -A Sh^ (Emb(R n )). 

Proof. First observe that a clearly preserves covers. Hence a* restricts to a functor 
between the respective subcategories of oo-sheaves. Second, by the Comparison 
Lemma of [17] (p. 151), which is a slight generalization of the lemma by the same 
name in [1], we can deduce that the induced functor between sheaves with values 
in Set 

a* : Sh (n-M/cf *) -A- Sh (Emb (R n )) 

is an equivalence of categories. The only non-trivial property of the l)-5) listed in 
loc. cit. is 2)- the locally full property. To verify this property, we must show that 
given any local diffeomorphism 

/: r -a r , 

there exists a cover by self-embeddings 

tpi : R 71 -A IT 

such that each composite / o is an embedding. Clearly, given a local diffeomor¬ 
phism / as above, there exists an open cover 

(U a -A R"), 

such that for all a, f\u a is an embedding. Refining the open cover if necessary, 
we may assume that the U a is a coordinate patch diffeomorphic to R", hence 
establishing our claim. 

Now by Remark 6.1.2 of [9] together with Theorem 5.3.6 of the same article, 
it follows that Sh^ (n-M/d et ) is hypercomplete. By Lemma C.2 together with 
Corollary 7.2.1.12 of [19], it follows that Shoo (Emb (R”)) is as well. The result now 
follows since the above paragraph implies an equivalence of categories 

Sh (n-Mfd et ) ~ Sh (Emb (R n )) A 

between simplicial sheaves, so we can now invoke Theorem 5 of [16] and Proposition 
6.5.2.14 of [19]. □ 
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